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BMI 206
Linear Regression and Principal Component Analysis



• A collection of n features across m individuals + one observation per individual 

• datapoints: x_1, x_2, x_3, …, x_m \in R^n,  observation: y \in R^m


• Model: for some reason, we think that y_i depends on x_ij’s 
Specifically, the ith measurement of y could be given by a linear combination of x_ij’s

The geometry of linear regression

(approximated) (plus a constant / intercept)

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>
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(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1

<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2
<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3

<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+(m=6, n=4)



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1

<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2
<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3

<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="AXHDfzJfI2psFexzj7c34ZbJEOI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+0m/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8RqI2r</latexit>y2

<latexit sha1_base64="fHp/UaM+agNFJRZEGtO5koeErjs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gac2bDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrY7x</latexit>x21
<latexit sha1_base64="5XvrR8Y4P4FNGHh7H5g7EqvLY7o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9HMo7y</latexit>x22

<latexit sha1_base64="y19VKKxfSTISBbKlQT4hmYmr4SQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tHIx7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLeO8w==</latexit>x23
<latexit sha1_base64="pLC4A2zAllUZpZki7oMn599L3WE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0+G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPI70</latexit>x24

(m=6, n=4)



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1

<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2
<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3

<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="AXHDfzJfI2psFexzj7c34ZbJEOI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+0m/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8RqI2r</latexit>y2

<latexit sha1_base64="2CemlM6+NZ4ujdFym/hTPFz7v/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg9YJZwP6JDJULBKFrpPuuf98sVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5scqAhLG2pZDM1Z8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyX9I6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzcTLI2s</latexit>y3

<latexit sha1_base64="fHp/UaM+agNFJRZEGtO5koeErjs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gac2bDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrY7x</latexit>x21
<latexit sha1_base64="5XvrR8Y4P4FNGHh7H5g7EqvLY7o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9HMo7y</latexit>x22

<latexit sha1_base64="y19VKKxfSTISBbKlQT4hmYmr4SQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tHIx7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLeO8w==</latexit>x23
<latexit sha1_base64="pLC4A2zAllUZpZki7oMn599L3WE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0+G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPI70</latexit>x24

<latexit sha1_base64="1VCK5KemIH43CU8tdjMc7Ig75uY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/99NzL+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HM47y</latexit>x31
<latexit sha1_base64="hooQadslzf+Vkgoi7FSlX6A52YE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/99KIy7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLiO8w==</latexit>x32

<latexit sha1_base64="eX7fV46a3Pwlxjcea1/+se7w38U=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFKZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5LWRdmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASj2O9A==</latexit>x33
<latexit sha1_base64="4y5UdN24LhH/DBZMRpzpHTA3uPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+97Nyf9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lwo71</latexit>x34

(m=6, n=4)



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1

<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2
<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3

<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="AXHDfzJfI2psFexzj7c34ZbJEOI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+0m/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8RqI2r</latexit>y2

<latexit sha1_base64="2CemlM6+NZ4ujdFym/hTPFz7v/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg9YJZwP6JDJULBKFrpPuuf98sVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5scqAhLG2pZDM1Z8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyX9I6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzcTLI2s</latexit>y3

<latexit sha1_base64="MjTbD+Z1tlhcaJfry1GQC2ypie4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9av9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMUsI2t</latexit>y4

<latexit sha1_base64="fHp/UaM+agNFJRZEGtO5koeErjs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gac2bDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrY7x</latexit>x21
<latexit sha1_base64="5XvrR8Y4P4FNGHh7H5g7EqvLY7o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9HMo7y</latexit>x22

<latexit sha1_base64="y19VKKxfSTISBbKlQT4hmYmr4SQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tHIx7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLeO8w==</latexit>x23
<latexit sha1_base64="pLC4A2zAllUZpZki7oMn599L3WE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0+G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPI70</latexit>x24

<latexit sha1_base64="1VCK5KemIH43CU8tdjMc7Ig75uY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/99NzL+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HM47y</latexit>x31
<latexit sha1_base64="hooQadslzf+Vkgoi7FSlX6A52YE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/99KIy7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLiO8w==</latexit>x32

<latexit sha1_base64="eX7fV46a3Pwlxjcea1/+se7w38U=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFKZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5LWRdmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASj2O9A==</latexit>x33
<latexit sha1_base64="4y5UdN24LhH/DBZMRpzpHTA3uPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+97Nyf9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lwo71</latexit>x34

<latexit sha1_base64="s3lgrugPuxQeU9SmZwfmWIdOQkM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVpXosevFYwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtZ76me9P++WKW3XnQKvEy0kFcjT65a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrourVqv6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9NSI72</latexit>x44
<latexit sha1_base64="3YYMNmlLd8+w94dHrQUpACA4N80=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+9zD+f9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lw471</latexit>x43

<latexit sha1_base64="S++YZpOltbbuwrOXfDzpWRMU2Ow=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gab02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPo70</latexit>x42
<latexit sha1_base64="hDTu9i7WUHxbUeSPJyWjyJ2uGts=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplVX/SK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i5jvM=</latexit>x41

(m=6, n=4)



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1

<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2
<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3

<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="AXHDfzJfI2psFexzj7c34ZbJEOI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+0m/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8RqI2r</latexit>y2

<latexit sha1_base64="2CemlM6+NZ4ujdFym/hTPFz7v/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg9YJZwP6JDJULBKFrpPuuf98sVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5scqAhLG2pZDM1Z8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyX9I6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzcTLI2s</latexit>y3

<latexit sha1_base64="MjTbD+Z1tlhcaJfry1GQC2ypie4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9av9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMUsI2t</latexit>y4

<latexit sha1_base64="GXz0ZfXPqEesqg3bprOpg/f9TEQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw7h30StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9fz+vFK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8WNI2u</latexit>y5

<latexit sha1_base64="fHp/UaM+agNFJRZEGtO5koeErjs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gac2bDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrY7x</latexit>x21
<latexit sha1_base64="5XvrR8Y4P4FNGHh7H5g7EqvLY7o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9HMo7y</latexit>x22

<latexit sha1_base64="y19VKKxfSTISBbKlQT4hmYmr4SQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tHIx7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLeO8w==</latexit>x23
<latexit sha1_base64="pLC4A2zAllUZpZki7oMn599L3WE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0+G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPI70</latexit>x24

<latexit sha1_base64="1VCK5KemIH43CU8tdjMc7Ig75uY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/99NzL+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HM47y</latexit>x31
<latexit sha1_base64="hooQadslzf+Vkgoi7FSlX6A52YE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/99KIy7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLiO8w==</latexit>x32

<latexit sha1_base64="eX7fV46a3Pwlxjcea1/+se7w38U=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFKZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5LWRdmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASj2O9A==</latexit>x33
<latexit sha1_base64="4y5UdN24LhH/DBZMRpzpHTA3uPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+97Nyf9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lwo71</latexit>x34

<latexit sha1_base64="s3lgrugPuxQeU9SmZwfmWIdOQkM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVpXosevFYwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtZ76me9P++WKW3XnQKvEy0kFcjT65a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrourVqv6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9NSI72</latexit>x44
<latexit sha1_base64="3YYMNmlLd8+w94dHrQUpACA4N80=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+9zD+f9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lw471</latexit>x43

<latexit sha1_base64="S++YZpOltbbuwrOXfDzpWRMU2Ow=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gab02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPo70</latexit>x42
<latexit sha1_base64="hDTu9i7WUHxbUeSPJyWjyJ2uGts=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplVX/SK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i5jvM=</latexit>x41

<latexit sha1_base64="sbHW/MegBB2iTRStlw53Ol/myLw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Nyb9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvLxP/rOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ASj+O9A==</latexit>x51
<latexit sha1_base64="UOg1rk2fkhpHMlXL7k0VnLVitqc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSUI9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFaZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5JWpexdlKt31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AS8SO9Q==</latexit>x52

<latexit sha1_base64="S8P40rlFPmOpQ3FIM7tJbUaNMew=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzadeWj2f9Iolt+zOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5PmWdm7KFfuKqXadRZHHo7gGE7Bg0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4ATUmO9g==</latexit>x53
<latexit sha1_base64="3pYTRxX9ybfKMbIhY7HUn1U/xpI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Lw26ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ATs6O9w==</latexit>x54

(m=6, n=4)



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual
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+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>
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<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>
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�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>
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<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>
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<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="AXHDfzJfI2psFexzj7c34ZbJEOI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+0m/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8RqI2r</latexit>y2

<latexit sha1_base64="2CemlM6+NZ4ujdFym/hTPFz7v/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg9YJZwP6JDJULBKFrpPuuf98sVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5scqAhLG2pZDM1Z8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyX9I6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzcTLI2s</latexit>y3

<latexit sha1_base64="MjTbD+Z1tlhcaJfry1GQC2ypie4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9av9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMUsI2t</latexit>y4

<latexit sha1_base64="GXz0ZfXPqEesqg3bprOpg/f9TEQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw7h30StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9fz+vFK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8WNI2u</latexit>y5

<latexit sha1_base64="sHyIBCN5FCnphFzEdE/s3SAfShg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuql6tenl/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcXuI2v</latexit>y6

<latexit sha1_base64="fHp/UaM+agNFJRZEGtO5koeErjs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gac2bDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrY7x</latexit>x21
<latexit sha1_base64="5XvrR8Y4P4FNGHh7H5g7EqvLY7o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9HMo7y</latexit>x22

<latexit sha1_base64="y19VKKxfSTISBbKlQT4hmYmr4SQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tHIx7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLeO8w==</latexit>x23
<latexit sha1_base64="pLC4A2zAllUZpZki7oMn599L3WE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0+G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPI70</latexit>x24

<latexit sha1_base64="1VCK5KemIH43CU8tdjMc7Ig75uY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/99NzL+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HM47y</latexit>x31
<latexit sha1_base64="hooQadslzf+Vkgoi7FSlX6A52YE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/99KIy7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLiO8w==</latexit>x32

<latexit sha1_base64="eX7fV46a3Pwlxjcea1/+se7w38U=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFKZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5LWRdmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASj2O9A==</latexit>x33
<latexit sha1_base64="4y5UdN24LhH/DBZMRpzpHTA3uPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+97Nyf9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lwo71</latexit>x34

<latexit sha1_base64="s3lgrugPuxQeU9SmZwfmWIdOQkM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVpXosevFYwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtZ76me9P++WKW3XnQKvEy0kFcjT65a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrourVqv6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9NSI72</latexit>x44
<latexit sha1_base64="3YYMNmlLd8+w94dHrQUpACA4N80=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+9zD+f9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lw471</latexit>x43

<latexit sha1_base64="S++YZpOltbbuwrOXfDzpWRMU2Ow=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gab02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPo70</latexit>x42
<latexit sha1_base64="hDTu9i7WUHxbUeSPJyWjyJ2uGts=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplVX/SK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i5jvM=</latexit>x41
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<latexit sha1_base64="3pYTRxX9ybfKMbIhY7HUn1U/xpI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Lw26ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ATs6O9w==</latexit>x54

<latexit sha1_base64="EFz5gaY0jEeftaAqbz7J/Abm028=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtF6bDcoVt+rOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XR+7QydWWWIQqlsCYPm6u+JFEdaT6PAdkbYjPWyl4n/eb3EhFd+ykScGCrIYlGYcGQkyl5HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfXq1dpdrdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9QVI74</latexit>x64
<latexit sha1_base64="0EhoRrSZkF2giNynLl7NS4Qu59Q=">AAAB7XicbVBNTwIxEJ3FL8QPUI9eGomJJ7KrBD0SvXjERD4S2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328mtrW9sbuW3Czu7e/vF0sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38z89iNVmklxbyYx9SM8FCxkBBsrtZ76ae1i2i+V3Yo7B1olXkbKkKHRL331BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0apUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrzyUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpa5xWvVqneVcv16yyOPBzDCZyBB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmCP7A+fwBTs+O9w==</latexit>x63

<latexit sha1_base64="JivW2YXAMMCBL2BCLLUlXSOHa94=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAh6JXjxiIh8JbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0yGxRLbtldAK0TLyMlyNAcFL/6Q0mSiApDONa657mx8VOsDCOczgr9RNMYkwke0Z6lAkdU++ni2hm6sMoQhVLZEgYt1N8TKY60nkaB7YywGetVby7+5/USE175KRNxYqggy0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGBD8FZfXiftStmrlat31VLjOosjD2dwDpfgQR0acAtNaAGBB3iGV3hzpPPivDsfy9ack82cwh84nz9NSo72</latexit>x62
<latexit sha1_base64="7oh1OfGxyzGvN08y3BZjtdpk/HM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtO7NBuWKW3XnQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwis/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHr1au2uVmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9LxY71</latexit>x61

(m=6, n=4)



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1

<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2
<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3

<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
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<latexit sha1_base64="3YYMNmlLd8+w94dHrQUpACA4N80=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+9zD+f9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lw471</latexit>x43

<latexit sha1_base64="S++YZpOltbbuwrOXfDzpWRMU2Ow=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gab02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPo70</latexit>x42
<latexit sha1_base64="hDTu9i7WUHxbUeSPJyWjyJ2uGts=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplVX/SK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i5jvM=</latexit>x41

<latexit sha1_base64="sbHW/MegBB2iTRStlw53Ol/myLw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Nyb9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvLxP/rOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ASj+O9A==</latexit>x51
<latexit sha1_base64="UOg1rk2fkhpHMlXL7k0VnLVitqc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSUI9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFaZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5JWpexdlKt31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AS8SO9Q==</latexit>x52

<latexit sha1_base64="S8P40rlFPmOpQ3FIM7tJbUaNMew=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzadeWj2f9Iolt+zOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5PmWdm7KFfuKqXadRZHHo7gGE7Bg0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4ATUmO9g==</latexit>x53
<latexit sha1_base64="3pYTRxX9ybfKMbIhY7HUn1U/xpI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Lw26ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ATs6O9w==</latexit>x54

<latexit sha1_base64="EFz5gaY0jEeftaAqbz7J/Abm028=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtF6bDcoVt+rOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XR+7QydWWWIQqlsCYPm6u+JFEdaT6PAdkbYjPWyl4n/eb3EhFd+ykScGCrIYlGYcGQkyl5HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfXq1dpdrdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9QVI74</latexit>x64
<latexit sha1_base64="0EhoRrSZkF2giNynLl7NS4Qu59Q=">AAAB7XicbVBNTwIxEJ3FL8QPUI9eGomJJ7KrBD0SvXjERD4S2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328mtrW9sbuW3Czu7e/vF0sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38z89iNVmklxbyYx9SM8FCxkBBsrtZ76ae1i2i+V3Yo7B1olXkbKkKHRL331BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0apUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrzyUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpa5xWvVqneVcv16yyOPBzDCZyBB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmCP7A+fwBTs+O9w==</latexit>x63

<latexit sha1_base64="JivW2YXAMMCBL2BCLLUlXSOHa94=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAh6JXjxiIh8JbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0yGxRLbtldAK0TLyMlyNAcFL/6Q0mSiApDONa657mx8VOsDCOczgr9RNMYkwke0Z6lAkdU++ni2hm6sMoQhVLZEgYt1N8TKY60nkaB7YywGetVby7+5/USE175KRNxYqggy0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGBD8FZfXiftStmrlat31VLjOosjD2dwDpfgQR0acAtNaAGBB3iGV3hzpPPivDsfy9ack82cwh84nz9NSo72</latexit>x62
<latexit sha1_base64="7oh1OfGxyzGvN08y3BZjtdpk/HM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtO7NBuWKW3XnQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwis/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHr1au2uVmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9LxY71</latexit>x61

(m=6, n=4)



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>
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<latexit sha1_base64="hDTu9i7WUHxbUeSPJyWjyJ2uGts=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplVX/SK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i5jvM=</latexit>x41

<latexit sha1_base64="sbHW/MegBB2iTRStlw53Ol/myLw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Nyb9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvLxP/rOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ASj+O9A==</latexit>x51
<latexit sha1_base64="UOg1rk2fkhpHMlXL7k0VnLVitqc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSUI9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFaZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5JWpexdlKt31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AS8SO9Q==</latexit>x52

<latexit sha1_base64="S8P40rlFPmOpQ3FIM7tJbUaNMew=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzadeWj2f9Iolt+zOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5PmWdm7KFfuKqXadRZHHo7gGE7Bg0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4ATUmO9g==</latexit>x53
<latexit sha1_base64="3pYTRxX9ybfKMbIhY7HUn1U/xpI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Lw26ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ATs6O9w==</latexit>x54

<latexit sha1_base64="EFz5gaY0jEeftaAqbz7J/Abm028=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtF6bDcoVt+rOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XR+7QydWWWIQqlsCYPm6u+JFEdaT6PAdkbYjPWyl4n/eb3EhFd+ykScGCrIYlGYcGQkyl5HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfXq1dpdrdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9QVI74</latexit>x64
<latexit sha1_base64="0EhoRrSZkF2giNynLl7NS4Qu59Q=">AAAB7XicbVBNTwIxEJ3FL8QPUI9eGomJJ7KrBD0SvXjERD4S2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328mtrW9sbuW3Czu7e/vF0sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38z89iNVmklxbyYx9SM8FCxkBBsrtZ76ae1i2i+V3Yo7B1olXkbKkKHRL331BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0apUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrzyUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpa5xWvVqneVcv16yyOPBzDCZyBB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmCP7A+fwBTs+O9w==</latexit>x63

<latexit sha1_base64="JivW2YXAMMCBL2BCLLUlXSOHa94=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAh6JXjxiIh8JbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0yGxRLbtldAK0TLyMlyNAcFL/6Q0mSiApDONa657mx8VOsDCOczgr9RNMYkwke0Z6lAkdU++ni2hm6sMoQhVLZEgYt1N8TKY60nkaB7YywGetVby7+5/USE175KRNxYqggy0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGBD8FZfXiftStmrlat31VLjOosjD2dwDpfgQR0acAtNaAGBB3iGV3hzpPPivDsfy9ack82cwh84nz9NSo72</latexit>x62
<latexit sha1_base64="7oh1OfGxyzGvN08y3BZjtdpk/HM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtO7NBuWKW3XnQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwis/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHr1au2uVmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9LxY71</latexit>x61

(m=6, n=4)

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14
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<latexit sha1_base64="eX7fV46a3Pwlxjcea1/+se7w38U=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFKZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5LWRdmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASj2O9A==</latexit>x33
<latexit sha1_base64="4y5UdN24LhH/DBZMRpzpHTA3uPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+97Nyf9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lwo71</latexit>x34

<latexit sha1_base64="s3lgrugPuxQeU9SmZwfmWIdOQkM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVpXosevFYwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtZ76me9P++WKW3XnQKvEy0kFcjT65a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrourVqv6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9NSI72</latexit>x44
<latexit sha1_base64="3YYMNmlLd8+w94dHrQUpACA4N80=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+9zD+f9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lw471</latexit>x43

<latexit sha1_base64="S++YZpOltbbuwrOXfDzpWRMU2Ow=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gab02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPo70</latexit>x42
<latexit sha1_base64="hDTu9i7WUHxbUeSPJyWjyJ2uGts=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplVX/SK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i5jvM=</latexit>x41

<latexit sha1_base64="sbHW/MegBB2iTRStlw53Ol/myLw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Nyb9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvLxP/rOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ASj+O9A==</latexit>x51
<latexit sha1_base64="UOg1rk2fkhpHMlXL7k0VnLVitqc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSUI9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFaZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5JWpexdlKt31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AS8SO9Q==</latexit>x52

<latexit sha1_base64="S8P40rlFPmOpQ3FIM7tJbUaNMew=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzadeWj2f9Iolt+zOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5PmWdm7KFfuKqXadRZHHo7gGE7Bg0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4ATUmO9g==</latexit>x53
<latexit sha1_base64="3pYTRxX9ybfKMbIhY7HUn1U/xpI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Lw26ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ATs6O9w==</latexit>x54

<latexit sha1_base64="EFz5gaY0jEeftaAqbz7J/Abm028=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtF6bDcoVt+rOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XR+7QydWWWIQqlsCYPm6u+JFEdaT6PAdkbYjPWyl4n/eb3EhFd+ykScGCrIYlGYcGQkyl5HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfXq1dpdrdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9QVI74</latexit>x64
<latexit sha1_base64="0EhoRrSZkF2giNynLl7NS4Qu59Q=">AAAB7XicbVBNTwIxEJ3FL8QPUI9eGomJJ7KrBD0SvXjERD4S2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328mtrW9sbuW3Czu7e/vF0sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38z89iNVmklxbyYx9SM8FCxkBBsrtZ76ae1i2i+V3Yo7B1olXkbKkKHRL331BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0apUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrzyUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpa5xWvVqneVcv16yyOPBzDCZyBB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmCP7A+fwBTs+O9w==</latexit>x63

<latexit sha1_base64="JivW2YXAMMCBL2BCLLUlXSOHa94=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAh6JXjxiIh8JbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0yGxRLbtldAK0TLyMlyNAcFL/6Q0mSiApDONa657mx8VOsDCOczgr9RNMYkwke0Z6lAkdU++ni2hm6sMoQhVLZEgYt1N8TKY60nkaB7YywGetVby7+5/USE175KRNxYqggy0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGBD8FZfXiftStmrlat31VLjOosjD2dwDpfgQR0acAtNaAGBB3iGV3hzpPPivDsfy9ack82cwh84nz9NSo72</latexit>x62
<latexit sha1_base64="7oh1OfGxyzGvN08y3BZjtdpk/HM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtO7NBuWKW3XnQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwis/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHr1au2uVmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9LxY71</latexit>x61

(m=6, n=4)

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

Let’s rename the intercept



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14

<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1
<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3
<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="AXHDfzJfI2psFexzj7c34ZbJEOI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+0m/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8RqI2r</latexit>y2
<latexit sha1_base64="2CemlM6+NZ4ujdFym/hTPFz7v/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg9YJZwP6JDJULBKFrpPuuf98sVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5scqAhLG2pZDM1Z8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyX9I6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzcTLI2s</latexit>y3

<latexit sha1_base64="MjTbD+Z1tlhcaJfry1GQC2ypie4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9av9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMUsI2t</latexit>y4
<latexit sha1_base64="GXz0ZfXPqEesqg3bprOpg/f9TEQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw7h30StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9fz+vFK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8WNI2u</latexit>y5

<latexit sha1_base64="sHyIBCN5FCnphFzEdE/s3SAfShg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuql6tenl/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcXuI2v</latexit>y6

<latexit sha1_base64="fHp/UaM+agNFJRZEGtO5koeErjs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gac2bDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrY7x</latexit>x21
<latexit sha1_base64="5XvrR8Y4P4FNGHh7H5g7EqvLY7o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9HMo7y</latexit>x22

<latexit sha1_base64="y19VKKxfSTISBbKlQT4hmYmr4SQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tHIx7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLeO8w==</latexit>x23
<latexit sha1_base64="pLC4A2zAllUZpZki7oMn599L3WE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0+G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPI70</latexit>x24

<latexit sha1_base64="1VCK5KemIH43CU8tdjMc7Ig75uY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/99NzL+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HM47y</latexit>x31
<latexit sha1_base64="hooQadslzf+Vkgoi7FSlX6A52YE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/99KIy7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLiO8w==</latexit>x32

<latexit sha1_base64="eX7fV46a3Pwlxjcea1/+se7w38U=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFKZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5LWRdmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASj2O9A==</latexit>x33
<latexit sha1_base64="4y5UdN24LhH/DBZMRpzpHTA3uPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+97Nyf9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lwo71</latexit>x34

<latexit sha1_base64="s3lgrugPuxQeU9SmZwfmWIdOQkM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVpXosevFYwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtZ76me9P++WKW3XnQKvEy0kFcjT65a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrourVqv6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9NSI72</latexit>x44
<latexit sha1_base64="3YYMNmlLd8+w94dHrQUpACA4N80=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+9zD+f9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lw471</latexit>x43

<latexit sha1_base64="S++YZpOltbbuwrOXfDzpWRMU2Ow=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gab02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPo70</latexit>x42
<latexit sha1_base64="hDTu9i7WUHxbUeSPJyWjyJ2uGts=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplVX/SK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i5jvM=</latexit>x41

<latexit sha1_base64="sbHW/MegBB2iTRStlw53Ol/myLw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Nyb9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvLxP/rOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ASj+O9A==</latexit>x51
<latexit sha1_base64="UOg1rk2fkhpHMlXL7k0VnLVitqc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSUI9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFaZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5JWpexdlKt31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AS8SO9Q==</latexit>x52

<latexit sha1_base64="S8P40rlFPmOpQ3FIM7tJbUaNMew=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzadeWj2f9Iolt+zOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5PmWdm7KFfuKqXadRZHHo7gGE7Bg0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4ATUmO9g==</latexit>x53
<latexit sha1_base64="3pYTRxX9ybfKMbIhY7HUn1U/xpI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Lw26ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ATs6O9w==</latexit>x54

<latexit sha1_base64="EFz5gaY0jEeftaAqbz7J/Abm028=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtF6bDcoVt+rOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XR+7QydWWWIQqlsCYPm6u+JFEdaT6PAdkbYjPWyl4n/eb3EhFd+ykScGCrIYlGYcGQkyl5HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfXq1dpdrdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9QVI74</latexit>x64
<latexit sha1_base64="0EhoRrSZkF2giNynLl7NS4Qu59Q=">AAAB7XicbVBNTwIxEJ3FL8QPUI9eGomJJ7KrBD0SvXjERD4S2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328mtrW9sbuW3Czu7e/vF0sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38z89iNVmklxbyYx9SM8FCxkBBsrtZ76ae1i2i+V3Yo7B1olXkbKkKHRL331BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0apUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrzyUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpa5xWvVqneVcv16yyOPBzDCZyBB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmCP7A+fwBTs+O9w==</latexit>x63

<latexit sha1_base64="JivW2YXAMMCBL2BCLLUlXSOHa94=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAh6JXjxiIh8JbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0yGxRLbtldAK0TLyMlyNAcFL/6Q0mSiApDONa657mx8VOsDCOczgr9RNMYkwke0Z6lAkdU++ni2hm6sMoQhVLZEgYt1N8TKY60nkaB7YywGetVby7+5/USE175KRNxYqggy0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGBD8FZfXiftStmrlat31VLjOosjD2dwDpfgQR0acAtNaAGBB3iGV3hzpPPivDsfy9ack82cwh84nz9NSo72</latexit>x62
<latexit sha1_base64="7oh1OfGxyzGvN08y3BZjtdpk/HM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtO7NBuWKW3XnQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwis/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHr1au2uVmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9LxY71</latexit>x61

(m=6, n=4)

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="+p8d7OnIdCKsIr0FjVKtXawHerg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOldhdFMsTeRa9ccavuDGSZeDmpQI56r/zV7cc0jZg0VKDWHc9NjJ+hMpwKNil1U80SpCMcsI6lEiOm/Wx274ScWKVPwljZkobM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhNd+xmWSGibpfFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiISjYEb/HlZdI8q3qX1fP780rtJo+jCEdwDKfgwRXU4A7q0AAKAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8Avc+PyQ==</latexit>↵5

<latexit sha1_base64="LydIjIPG9QbzEr+Xv4yTIbxk84w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpQZ57vVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJoXFe+yUr2vlms3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOwT41r</latexit>

n+ 1

<latexit sha1_base64="WWIHT8krTla65uCWjEVpYXuORwQ=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEwVISKepGKLpxWcE+oA1hMp20QyeTMDMRS6gbf8WNC0Xc+hfu/Bunj4W2HrhwOOde7r0nSDhT2nG+rYXFpeWV1dxafn1jc2vb3tmtqziVhNZIzGPZDLCinAla00xz2kwkxVHAaSPoX4/8xj2VisXiTg8S6kW4K1jICNZG8u39Bz9jRXHiDtElcouoHcYSc46YbxeckjMGmifulBRgiqpvf7U7MUkjKjThWKmW6yTay7DUjHA6zLdTRRNM+rhLW4YKHFHlZeMPhujIKB1kdpsSGo3V3xMZjpQaRIHpjLDuqVlvJP7ntVIdXngZE0mqqSCTRWHKkY7RKA7UYZISzQeGYCKZuRWRHpaYaBNa3oTgzr48T+qnJfesVL4tFypX0zhycACHcAwunEMFbqAKNSDwCM/wCm/Wk/VivVsfk9YFazqzB39gff4AyCOVMQ==</latexit>

xi,n+1 = 1, 8i

Let’s rename the intercept



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="S9Cu8AKFnK6I/8lMB82XcUuy6Gc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEQJI2q</latexit>y1
<latexit sha1_base64="XpKWSHQJ1pkpnlZY+stbxCav54M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb6/vfXmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS86mXYTzplSt+1Z8BLROckwrkqPfKX92+omnMpKWCGNPBfmKDjGjLqWCTUjc1LCF0RAas46gkMTNBNrt2gk6c0keR0q6kRTP190RGYmPGceg6Y2KHZtGbiv95ndRGV0HGZZJaJul8UZQKZBWavo76XDNqxdgRQjV3tyI6JJpQ6wIquRDw4svLpHlWxRfV87vzSu06j6MIR3AMp4DhEmpwC3VoAIUHeIZXePOU9+K9ex/z1oKXzxzCH3ifP0QnjvA=</latexit>x11

<latexit sha1_base64="tn2hHBnq5nP0wxauBDLdi3o92sU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8GqVebDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrI7x</latexit>x12
<latexit sha1_base64="xR2aNkZQkORHT+++sO9hPot/9EM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/91DvP+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HMY7y</latexit>x13

<latexit sha1_base64="e+QftD+lpcodyQMwAGFROeulPP0=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplfnXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i2jvM=</latexit>x14
<latexit sha1_base64="Pp4vKYz96xgB8iikwYvqq6X/h3I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR9r1+uuFV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfja/d0rOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3v4/F</latexit>↵1

<latexit sha1_base64="4c7SkiuHGKaDgN2bd+HRQ4r3bf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GtzO//cSU5rF8MJOE+REOJQ85RWOlTg9FMsJ+tV8quxV3DrJKvJyUIUejX/rqDWKaRkwaKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWddSiRHTfja/d0rOrTIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+5Q4/G</latexit>↵2

<latexit sha1_base64="//2s4ThEjLoLdlaU1gYgJmGfGEs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7zLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+6x4/H</latexit>↵3

<latexit sha1_base64="2ziEVSKeRylgeR0kl+8eN3xWhxU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHqX1dp9rVK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+8S4/I</latexit>↵4

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠

<latexit sha1_base64="AXHDfzJfI2psFexzj7c34ZbJEOI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+0m/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8RqI2r</latexit>y2
<latexit sha1_base64="2CemlM6+NZ4ujdFym/hTPFz7v/c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg9YJZwP6JDJULBKFrpPuuf98sVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hOqUTDJp6VeanhC2ZgOeddSRSNu/Mn81Ck5scqAhLG2pZDM1Z8TExoZk0WB7YwojsyyNxP/87ophlf+RKgkRa7YYlGYSoIxmf1NBkJzhjKzhDIt7K2EjaimDG06JRuCt/zyX9I6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzcTLI2s</latexit>y3

<latexit sha1_base64="MjTbD+Z1tlhcaJfry1GQC2ypie4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9av9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMUsI2t</latexit>y4
<latexit sha1_base64="GXz0ZfXPqEesqg3bprOpg/f9TEQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw7h30StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9fz+vFK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8WNI2u</latexit>y5

<latexit sha1_base64="sHyIBCN5FCnphFzEdE/s3SAfShg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuql6tenl/Wanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcXuI2v</latexit>y6

<latexit sha1_base64="fHp/UaM+agNFJRZEGtO5koeErjs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gac2bDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4ZWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9FrY7x</latexit>x21
<latexit sha1_base64="5XvrR8Y4P4FNGHh7H5g7EqvLY7o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9HMo7y</latexit>x22

<latexit sha1_base64="y19VKKxfSTISBbKlQT4hmYmr4SQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tHIx7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLeO8w==</latexit>x23
<latexit sha1_base64="pLC4A2zAllUZpZki7oMn599L3WE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0+G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPI70</latexit>x24

<latexit sha1_base64="1VCK5KemIH43CU8tdjMc7Ig75uY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvYbLIkWbEs+x+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb6Z++5EqzaS4N5OY+hEeChYygo2VWk/99NzL+uWKW3VnQMvEy0kFcjT65a/eQJIkosIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVU4IhqP51dm6ETqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70puJ/Xjcx4ZWfMhEnhgoyXxQmHBmJpq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/HlZdI6q3oX1dpdrVK/zuMowhEcwyl4cAl1uIUGNIHAAzzDK7w50nlx3p2PeWvByWcO4Q+czx9HM47y</latexit>x31
<latexit sha1_base64="hooQadslzf+Vkgoi7FSlX6A52YE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/99KIy7RdLbtmdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWtStmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASLiO8w==</latexit>x32

<latexit sha1_base64="eX7fV46a3Pwlxjcea1/+se7w38U=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKQY9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFKZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5LWRdmrlat31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ASj2O9A==</latexit>x33
<latexit sha1_base64="4y5UdN24LhH/DBZMRpzpHTA3uPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+97Nyf9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lwo71</latexit>x34

<latexit sha1_base64="s3lgrugPuxQeU9SmZwfmWIdOQkM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVpXosevFYwX5Au5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89iNVmklxbyYJDWI8FCxiBBsrtZ76me9P++WKW3XnQKvEy0kFcjT65a/eQJI0psIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvOWXV0nrourVqv6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9NSI72</latexit>x44
<latexit sha1_base64="3YYMNmlLd8+w94dHrQUpACA4N80=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObqZ+65EqzaS4N+OEBjEeCBYxgo2Vmk+9zD+f9MoVt+rOgJaJl5MK5Kj3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdW7qPp3fqV2ncdRhCM4hlPw4BJqcAt1aACBB3iGV3hzpPPivDsf89aCk88cwh84nz9Lw471</latexit>x43

<latexit sha1_base64="S++YZpOltbbuwrOXfDzpWRMU2Ow=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gab02G5QrbtXNgFaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/TS7dobOrDJEoVS2hEGZ+nsixZHW0yiwnRE2Y73szcX/vF5iwis/ZSJODBVksShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6Rdq3oX1fpdvdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9KPo70</latexit>x42
<latexit sha1_base64="hDTu9i7WUHxbUeSPJyWjyJ2uGts=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplVX/SK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+iUr2rlmvXeRwFOIYTOAMfLqEGt1CHBlB4gGd4hTek0At6Rx/z1hWUzxzBH6DPH0i5jvM=</latexit>x41

<latexit sha1_base64="sbHW/MegBB2iTRStlw53Ol/myLw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Nyb9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvLxP/rOpdVGt3tUr9Oo+jCEdwDKfgwSXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ASj+O9A==</latexit>x51
<latexit sha1_base64="UOg1rk2fkhpHMlXL7k0VnLVitqc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSUI9ELx4xkY8ENqRbulDptpu2ayQb/oMXDxrj1f/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++5EqzaS4N5OY+hEeChYygo2VWk/9tFaZ9oslt+zOgVaJl5ESZGj0i1+9gSRJRIUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSgSOq/XR+7RSdWWWAQqlsCYPm6u+JFEdaT6LAdkbYjPSyNxP/87qJCa/8lIk4MVSQxaIw4chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLAheMsvr5JWpexdlKt31VL9OosjDydwCufgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8AS8SO9Q==</latexit>x52

<latexit sha1_base64="S8P40rlFPmOpQ3FIM7tJbUaNMew=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzadeWj2f9Iolt+zOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5PmWdm7KFfuKqXadRZHHo7gGE7Bg0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4ATUmO9g==</latexit>x53
<latexit sha1_base64="3pYTRxX9ybfKMbIhY7HUn1U/xpI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjERBYS2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f0DX8tUEdokkkvVDrGmnAnaNMxw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsr+U+97Lw26ZUrbtWdAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXib+WdW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/gfP4ATs6O9w==</latexit>x54

<latexit sha1_base64="EFz5gaY0jEeftaAqbz7J/Abm028=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtF6bDcoVt+rOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XR+7QydWWWIQqlsCYPm6u+JFEdaT6PAdkbYjPWyl4n/eb3EhFd+ykScGCrIYlGYcGQkyl5HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfXq1dpdrdK4zuMowgmcwjl4cAkNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx9QVI74</latexit>x64
<latexit sha1_base64="0EhoRrSZkF2giNynLl7NS4Qu59Q=">AAAB7XicbVBNTwIxEJ3FL8QPUI9eGomJJ7KrBD0SvXjERD4S2JBu6UKl227arpFs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzgpgzbVz328mtrW9sbuW3Czu7e/vF0sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY38z89iNVmklxbyYx9SM8FCxkBBsrtZ76ae1i2i+V3Yo7B1olXkbKkKHRL331BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0apUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrzyUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpa5xWvVqneVcv16yyOPBzDCZyBB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmCP7A+fwBTs+O9w==</latexit>x63

<latexit sha1_base64="JivW2YXAMMCBL2BCLLUlXSOHa94=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSAh6JXjxiIh8JbEi3dKHSbTdt10g2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3Mz9ziNVmklxb6Yx9SM8EixkBBsrtZ8Gaa0yGxRLbtldAK0TLyMlyNAcFL/6Q0mSiApDONa657mx8VOsDCOczgr9RNMYkwke0Z6lAkdU++ni2hm6sMoQhVLZEgYt1N8TKY60nkaB7YywGetVby7+5/USE175KRNxYqggy0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGBD8FZfXiftStmrlat31VLjOosjD2dwDpfgQR0acAtNaAGBB3iGV3hzpPPivDsfy9ack82cwh84nz9NSo72</latexit>x62
<latexit sha1_base64="7oh1OfGxyzGvN08y3BZjtdpk/HM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+55EqzaS4N9OY+hEeCRYygo2V2k+DtO7NBuWKW3XnQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfjq/dobOrDJEoVS2hEFz9fdEiiOtp1FgOyNsxnrZy8T/vF5iwis/ZSJODBVksShMODISZa+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHr1au2uVmlc53EU4QRO4Rw8uIQG3EITWkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9LxY71</latexit>x61

(m=6, n=4)

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="+p8d7OnIdCKsIr0FjVKtXawHerg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOldhdFMsTeRa9ccavuDGSZeDmpQI56r/zV7cc0jZg0VKDWHc9NjJ+hMpwKNil1U80SpCMcsI6lEiOm/Wx274ScWKVPwljZkobM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhNd+xmWSGibpfFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiISjYEb/HlZdI8q3qX1fP780rtJo+jCEdwDKfgwRXU4A7q0AAKAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8Avc+PyQ==</latexit>↵5

<latexit sha1_base64="LydIjIPG9QbzEr+Xv4yTIbxk84w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpQZ57vVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJoXFe+yUr2vlms3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOwT41r</latexit>

n+ 1

<latexit sha1_base64="WWIHT8krTla65uCWjEVpYXuORwQ=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEwVISKepGKLpxWcE+oA1hMp20QyeTMDMRS6gbf8WNC0Xc+hfu/Bunj4W2HrhwOOde7r0nSDhT2nG+rYXFpeWV1dxafn1jc2vb3tmtqziVhNZIzGPZDLCinAla00xz2kwkxVHAaSPoX4/8xj2VisXiTg8S6kW4K1jICNZG8u39Bz9jRXHiDtElcouoHcYSc46YbxeckjMGmifulBRgiqpvf7U7MUkjKjThWKmW6yTay7DUjHA6zLdTRRNM+rhLW4YKHFHlZeMPhujIKB1kdpsSGo3V3xMZjpQaRIHpjLDuqVlvJP7ntVIdXngZE0mqqSCTRWHKkY7RKA7UYZISzQeGYCKZuRWRHpaYaBNa3oTgzr48T+qnJfesVL4tFypX0zhycACHcAwunEMFbqAKNSDwCM/wCm/Wk/VivVsfk9YFazqzB39gff4AyCOVMQ==</latexit>

xi,n+1 = 1, 8i



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature of the ith individual

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠

(In general)

<latexit sha1_base64="IqVXq48vwLHQUomtRP2YGJyLxCU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy2m3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Obmd++4kpzRP5YMYpC2IcSB5xisZKj34YER9FOsReueJW3TnIKvFyUoEcjV75y+8nNIuZNFSg1l3PTU0wQWU4FWxa8jPNUqQjHLCupRJjpoPJ/OIpObNKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/ud1MxNdBxMu08wwSReLokwQk5DZ+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fF0aQjQ==</latexit>↵
<latexit sha1_base64="gHThQnOts3SEnUXPPLhCCDbVyM0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vTAinX615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n82Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOxzMuAKmRETSyhT3N5K2IgqyozNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4w4PAMr/DmSOfFeXc+Fq0lp5g5hj9wPn8AOwKOUQ==</latexit>

X
<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="K/Et+GDyH8Naq2yPbNkmMC6eBJ8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqhKEgLGChbFI9CE1VXXjOq1VO4lsBymKsrLwKywMIMTKH7DxN7hpBmg5kuXjc+7V9T1+zJnSjvNtVVZW19Y3qpu1re2d3T17/6CjokQS2iYRj2TPB0U5C2lbM81pL5YUhM9p15/ezPzuA5WKReG9TmM6EDAOWcAIaCMNbZx5foDTHHuKifmjlxeXBzyeQD60607DKYCXiVuSOirRGtpf3igiiaChJhyU6rtOrAcZSM0Ip3nNSxSNgUxhTPuGhiCoGmTFJjk+McoIB5E0J9S4UH93ZCCUSoVvKgXoiVr0ZuJ/Xj/RwdUgY2GcaBqS+aAg4VhHeBYLHjFJieapIUAkM3/FZAISiDbh1UwI7uLKy6Rz1nAvGud35/XmdRlHFR2hY3SKXHSJmugWtVAbEfSIntErerOerBfr3fqYl1assucQ/YH1+QO+2JnA</latexit>

y ⇠ X↵
<latexit sha1_base64="Nt707WmyilEGt7Bh+yY5+vuUeb4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRoi6LblxWsQ9oYplMJ+3QmUmYmQghBDf+ihsXirj1K9z5N07aLrT1wIXDOfdy7z1BzKjSjvNtlZaWV1bXyuuVjc2t7R17d6+tokRi0sIRi2Q3QIowKkhLU81IN5YE8YCRTjC+KvzOA5GKRuJOpzHxORoKGlKMtJH69kHmBSFMc+hRATOPIz0KAnh7z/O+XXVqzgRwkbgzUgUzNPv2lzeIcMKJ0JghpXquE2s/Q1JTzEhe8RJFYoTHaEh6hgrEifKzyQs5PDbKAIaRNCU0nKi/JzLElUp5YDqLG9W8V4j/eb1Ehxd+RkWcaCLwdFGYMKgjWOQBB1QSrFlqCMKSmlshHiGJsDapVUwI7vzLi6R9WnPPavWberVxOYujDA7BETgBLjgHDXANmqAFMHgEz+AVvFlP1ov1bn1MW0vWbGYf/IH1+QNxGpbV</latexit>

y 2 Rm

<latexit sha1_base64="BDb4cVUP0Ej6PZfqiB+T/rf8c+M=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUV+4DOWJI004YmmSHJCGWYD3Djr7hxoYhbP8Cdf2OmnYW2HrhwOOde7r0Hx5xp47rfTmlpeWV1rbxe2djc2t6p7u61dZQoQlsk4pHqYqQpZ5K2DDOcdmNFkcCcdvD4Kvc7D1RpFsk7M4lpINBQspARZKzUr9ZSH4ewm0GfSZj6ApkRxvD2PhW+YYJqKLPMdrl1dwq4SLyC1ECBZr/65Q8ikggqDeFI657nxiZIkTKMcJpV/ETTGJExGtKepRLZRUE6fSaDR1YZwDBStqSBU/X3RIqE1hOBbWd+rZ73cvE/r5eY8CJImYwTQyWZLQoTDk0E82TggClKDJ9Ygohi9lZIRkghYmx+FRuCN//yImmf1L2z+unNaa1xWcRRBgfgEBwDD5yDBrgGTdACBDyCZ/AK3pwn58V5dz5mrSWnmNkHf+B8/gAzgJsc</latexit>

X 2 Rm⇥n

<latexit sha1_base64="cgNis6K6o/FqBNGTAF8AR3zk7qQ=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsaC6ENqQmW7TmvVcSLbQaqiDCz8CgsDCLHyEWz8DU6bAVqOdKWjc+7VvffgmDOlHefbKq2srq1vlDcrW9s7u3v2/kFHRYkktE0iHskeRopyJmhbM81pL5YUhZjTLp5c5X73gUrFInGnpzH1QzQSLGAEaSMN7Grq4QCiDHpMwNQLkR5jDG/vU5FlA7vm1J0Z4DJxC1IDBVoD+8sbRiQJqdCEI6X6rhNrP0VSM8JpVvESRWNEJmhE+4YKFFLlp7MnMnhslCEMImlKaDhTf0+kKFRqGmLTmV+pFr1c/M/rJzq48FMm4kRTQeaLgoRDHcE8EThkkhLNp4YgIpm5FZIxkohok1vFhOAuvrxMOqd196zeuGnUmpdFHGVQBUfgBLjgHDTBNWiBNiDgETyDV/BmPVkv1rv1MW8tWcXMIfgD6/MHIYOXyg==</latexit>

a 2 Rn

“A system of m equations with n unknowns” 



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature  
of the ith individual

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠
<latexit sha1_base64="IqVXq48vwLHQUomtRP2YGJyLxCU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy2m3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Obmd++4kpzRP5YMYpC2IcSB5xisZKj34YER9FOsReueJW3TnIKvFyUoEcjV75y+8nNIuZNFSg1l3PTU0wQWU4FWxa8jPNUqQjHLCupRJjpoPJ/OIpObNKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/ud1MxNdBxMu08wwSReLokwQk5DZ+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fF0aQjQ==</latexit>↵

<latexit sha1_base64="gHThQnOts3SEnUXPPLhCCDbVyM0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vTAinX615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n82Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOxzMuAKmRETSyhT3N5K2IgqyozNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4w4PAMr/DmSOfFeXc+Fq0lp5g5hj9wPn8AOwKOUQ==</latexit>

X
<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="K/Et+GDyH8Naq2yPbNkmMC6eBJ8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqhKEgLGChbFI9CE1VXXjOq1VO4lsBymKsrLwKywMIMTKH7DxN7hpBmg5kuXjc+7V9T1+zJnSjvNtVVZW19Y3qpu1re2d3T17/6CjokQS2iYRj2TPB0U5C2lbM81pL5YUhM9p15/ezPzuA5WKReG9TmM6EDAOWcAIaCMNbZx5foDTHHuKifmjlxeXBzyeQD60607DKYCXiVuSOirRGtpf3igiiaChJhyU6rtOrAcZSM0Ip3nNSxSNgUxhTPuGhiCoGmTFJjk+McoIB5E0J9S4UH93ZCCUSoVvKgXoiVr0ZuJ/Xj/RwdUgY2GcaBqS+aAg4VhHeBYLHjFJieapIUAkM3/FZAISiDbh1UwI7uLKy6Rz1nAvGud35/XmdRlHFR2hY3SKXHSJmugWtVAbEfSIntErerOerBfr3fqYl1assucQ/YH1+QO+2JnA</latexit>

y ⇠ X↵
<latexit sha1_base64="Nt707WmyilEGt7Bh+yY5+vuUeb4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRoi6LblxWsQ9oYplMJ+3QmUmYmQghBDf+ihsXirj1K9z5N07aLrT1wIXDOfdy7z1BzKjSjvNtlZaWV1bXyuuVjc2t7R17d6+tokRi0sIRi2Q3QIowKkhLU81IN5YE8YCRTjC+KvzOA5GKRuJOpzHxORoKGlKMtJH69kHmBSFMc+hRATOPIz0KAnh7z/O+XXVqzgRwkbgzUgUzNPv2lzeIcMKJ0JghpXquE2s/Q1JTzEhe8RJFYoTHaEh6hgrEifKzyQs5PDbKAIaRNCU0nKi/JzLElUp5YDqLG9W8V4j/eb1Ehxd+RkWcaCLwdFGYMKgjWOQBB1QSrFlqCMKSmlshHiGJsDapVUwI7vzLi6R9WnPPavWberVxOYujDA7BETgBLjgHDXANmqAFMHgEz+AVvFlP1ov1bn1MW0vWbGYf/IH1+QNxGpbV</latexit>

y 2 Rm

<latexit sha1_base64="BDb4cVUP0Ej6PZfqiB+T/rf8c+M=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUV+4DOWJI004YmmSHJCGWYD3Djr7hxoYhbP8Cdf2OmnYW2HrhwOOde7r0Hx5xp47rfTmlpeWV1rbxe2djc2t6p7u61dZQoQlsk4pHqYqQpZ5K2DDOcdmNFkcCcdvD4Kvc7D1RpFsk7M4lpINBQspARZKzUr9ZSH4ewm0GfSZj6ApkRxvD2PhW+YYJqKLPMdrl1dwq4SLyC1ECBZr/65Q8ikggqDeFI657nxiZIkTKMcJpV/ETTGJExGtKepRLZRUE6fSaDR1YZwDBStqSBU/X3RIqE1hOBbWd+rZ73cvE/r5eY8CJImYwTQyWZLQoTDk0E82TggClKDJ9Ygohi9lZIRkghYmx+FRuCN//yImmf1L2z+unNaa1xWcRRBgfgEBwDD5yDBrgGTdACBDyCZ/AK3pwn58V5dz5mrSWnmNkHf+B8/gAzgJsc</latexit>

X 2 Rm⇥n

<latexit sha1_base64="cgNis6K6o/FqBNGTAF8AR3zk7qQ=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsaC6ENqQmW7TmvVcSLbQaqiDCz8CgsDCLHyEWz8DU6bAVqOdKWjc+7VvffgmDOlHefbKq2srq1vlDcrW9s7u3v2/kFHRYkktE0iHskeRopyJmhbM81pL5YUhZjTLp5c5X73gUrFInGnpzH1QzQSLGAEaSMN7Grq4QCiDHpMwNQLkR5jDG/vU5FlA7vm1J0Z4DJxC1IDBVoD+8sbRiQJqdCEI6X6rhNrP0VSM8JpVvESRWNEJmhE+4YKFFLlp7MnMnhslCEMImlKaDhTf0+kKFRqGmLTmV+pFr1c/M/rJzq48FMm4kRTQeaLgoRDHcE8EThkkhLNp4YgIpm5FZIxkohok1vFhOAuvrxMOqd196zeuGnUmpdFHGVQBUfgBLjgHDTBNWiBNiDgETyDV/BmPVkv1rv1MW8tWcXMIfgD6/MHIYOXyg==</latexit>

a 2 Rn

“A system of m equations with n unknowns” 

• No solution when m>n and rank(X)=n, i.e., y≠Xa, for any a. 

<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n

<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature  
of the ith individual

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠
<latexit sha1_base64="IqVXq48vwLHQUomtRP2YGJyLxCU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy2m3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Obmd++4kpzRP5YMYpC2IcSB5xisZKj34YER9FOsReueJW3TnIKvFyUoEcjV75y+8nNIuZNFSg1l3PTU0wQWU4FWxa8jPNUqQjHLCupRJjpoPJ/OIpObNKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/ud1MxNdBxMu08wwSReLokwQk5DZ+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fF0aQjQ==</latexit>↵

<latexit sha1_base64="gHThQnOts3SEnUXPPLhCCDbVyM0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vTAinX615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n82Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOxzMuAKmRETSyhT3N5K2IgqyozNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4w4PAMr/DmSOfFeXc+Fq0lp5g5hj9wPn8AOwKOUQ==</latexit>

X
<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="K/Et+GDyH8Naq2yPbNkmMC6eBJ8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqhKEgLGChbFI9CE1VXXjOq1VO4lsBymKsrLwKywMIMTKH7DxN7hpBmg5kuXjc+7V9T1+zJnSjvNtVVZW19Y3qpu1re2d3T17/6CjokQS2iYRj2TPB0U5C2lbM81pL5YUhM9p15/ezPzuA5WKReG9TmM6EDAOWcAIaCMNbZx5foDTHHuKifmjlxeXBzyeQD60607DKYCXiVuSOirRGtpf3igiiaChJhyU6rtOrAcZSM0Ip3nNSxSNgUxhTPuGhiCoGmTFJjk+McoIB5E0J9S4UH93ZCCUSoVvKgXoiVr0ZuJ/Xj/RwdUgY2GcaBqS+aAg4VhHeBYLHjFJieapIUAkM3/FZAISiDbh1UwI7uLKy6Rz1nAvGud35/XmdRlHFR2hY3SKXHSJmugWtVAbEfSIntErerOerBfr3fqYl1assucQ/YH1+QO+2JnA</latexit>

y ⇠ X↵
<latexit sha1_base64="Nt707WmyilEGt7Bh+yY5+vuUeb4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRoi6LblxWsQ9oYplMJ+3QmUmYmQghBDf+ihsXirj1K9z5N07aLrT1wIXDOfdy7z1BzKjSjvNtlZaWV1bXyuuVjc2t7R17d6+tokRi0sIRi2Q3QIowKkhLU81IN5YE8YCRTjC+KvzOA5GKRuJOpzHxORoKGlKMtJH69kHmBSFMc+hRATOPIz0KAnh7z/O+XXVqzgRwkbgzUgUzNPv2lzeIcMKJ0JghpXquE2s/Q1JTzEhe8RJFYoTHaEh6hgrEifKzyQs5PDbKAIaRNCU0nKi/JzLElUp5YDqLG9W8V4j/eb1Ehxd+RkWcaCLwdFGYMKgjWOQBB1QSrFlqCMKSmlshHiGJsDapVUwI7vzLi6R9WnPPavWberVxOYujDA7BETgBLjgHDXANmqAFMHgEz+AVvFlP1ov1bn1MW0vWbGYf/IH1+QNxGpbV</latexit>

y 2 Rm

<latexit sha1_base64="BDb4cVUP0Ej6PZfqiB+T/rf8c+M=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUV+4DOWJI004YmmSHJCGWYD3Djr7hxoYhbP8Cdf2OmnYW2HrhwOOde7r0Hx5xp47rfTmlpeWV1rbxe2djc2t6p7u61dZQoQlsk4pHqYqQpZ5K2DDOcdmNFkcCcdvD4Kvc7D1RpFsk7M4lpINBQspARZKzUr9ZSH4ewm0GfSZj6ApkRxvD2PhW+YYJqKLPMdrl1dwq4SLyC1ECBZr/65Q8ikggqDeFI657nxiZIkTKMcJpV/ETTGJExGtKepRLZRUE6fSaDR1YZwDBStqSBU/X3RIqE1hOBbWd+rZ73cvE/r5eY8CJImYwTQyWZLQoTDk0E82TggClKDJ9Ygohi9lZIRkghYmx+FRuCN//yImmf1L2z+unNaa1xWcRRBgfgEBwDD5yDBrgGTdACBDyCZ/AK3pwn58V5dz5mrSWnmNkHf+B8/gAzgJsc</latexit>

X 2 Rm⇥n

<latexit sha1_base64="cgNis6K6o/FqBNGTAF8AR3zk7qQ=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsaC6ENqQmW7TmvVcSLbQaqiDCz8CgsDCLHyEWz8DU6bAVqOdKWjc+7VvffgmDOlHefbKq2srq1vlDcrW9s7u3v2/kFHRYkktE0iHskeRopyJmhbM81pL5YUhZjTLp5c5X73gUrFInGnpzH1QzQSLGAEaSMN7Grq4QCiDHpMwNQLkR5jDG/vU5FlA7vm1J0Z4DJxC1IDBVoD+8sbRiQJqdCEI6X6rhNrP0VSM8JpVvESRWNEJmhE+4YKFFLlp7MnMnhslCEMImlKaDhTf0+kKFRqGmLTmV+pFr1c/M/rJzq48FMm4kRTQeaLgoRDHcE8EThkkhLNp4YgIpm5FZIxkohok1vFhOAuvrxMOqd196zeuGnUmpdFHGVQBUfgBLjgHDTBNWiBNiDgETyDV/BmPVkv1rv1MW8tWcXMIfgD6/MHIYOXyg==</latexit>

a 2 Rn

“A system of m equations with n unknowns” 

• No solution when m>n and rank(X)=n, i.e., y≠Xa, for any a. 


• Approach: minimize error / find parameters that bring Xa as close as possible to y:

<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n

<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature  
of the ith individual

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠
<latexit sha1_base64="IqVXq48vwLHQUomtRP2YGJyLxCU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy2m3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Obmd++4kpzRP5YMYpC2IcSB5xisZKj34YER9FOsReueJW3TnIKvFyUoEcjV75y+8nNIuZNFSg1l3PTU0wQWU4FWxa8jPNUqQjHLCupRJjpoPJ/OIpObNKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/ud1MxNdBxMu08wwSReLokwQk5DZ+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fF0aQjQ==</latexit>↵

<latexit sha1_base64="gHThQnOts3SEnUXPPLhCCDbVyM0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vTAinX615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n82Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOxzMuAKmRETSyhT3N5K2IgqyozNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4w4PAMr/DmSOfFeXc+Fq0lp5g5hj9wPn8AOwKOUQ==</latexit>

X
<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="K/Et+GDyH8Naq2yPbNkmMC6eBJ8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqhKEgLGChbFI9CE1VXXjOq1VO4lsBymKsrLwKywMIMTKH7DxN7hpBmg5kuXjc+7V9T1+zJnSjvNtVVZW19Y3qpu1re2d3T17/6CjokQS2iYRj2TPB0U5C2lbM81pL5YUhM9p15/ezPzuA5WKReG9TmM6EDAOWcAIaCMNbZx5foDTHHuKifmjlxeXBzyeQD60607DKYCXiVuSOirRGtpf3igiiaChJhyU6rtOrAcZSM0Ip3nNSxSNgUxhTPuGhiCoGmTFJjk+McoIB5E0J9S4UH93ZCCUSoVvKgXoiVr0ZuJ/Xj/RwdUgY2GcaBqS+aAg4VhHeBYLHjFJieapIUAkM3/FZAISiDbh1UwI7uLKy6Rz1nAvGud35/XmdRlHFR2hY3SKXHSJmugWtVAbEfSIntErerOerBfr3fqYl1assucQ/YH1+QO+2JnA</latexit>

y ⇠ X↵
<latexit sha1_base64="Nt707WmyilEGt7Bh+yY5+vuUeb4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRoi6LblxWsQ9oYplMJ+3QmUmYmQghBDf+ihsXirj1K9z5N07aLrT1wIXDOfdy7z1BzKjSjvNtlZaWV1bXyuuVjc2t7R17d6+tokRi0sIRi2Q3QIowKkhLU81IN5YE8YCRTjC+KvzOA5GKRuJOpzHxORoKGlKMtJH69kHmBSFMc+hRATOPIz0KAnh7z/O+XXVqzgRwkbgzUgUzNPv2lzeIcMKJ0JghpXquE2s/Q1JTzEhe8RJFYoTHaEh6hgrEifKzyQs5PDbKAIaRNCU0nKi/JzLElUp5YDqLG9W8V4j/eb1Ehxd+RkWcaCLwdFGYMKgjWOQBB1QSrFlqCMKSmlshHiGJsDapVUwI7vzLi6R9WnPPavWberVxOYujDA7BETgBLjgHDXANmqAFMHgEz+AVvFlP1ov1bn1MW0vWbGYf/IH1+QNxGpbV</latexit>

y 2 Rm

<latexit sha1_base64="BDb4cVUP0Ej6PZfqiB+T/rf8c+M=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUV+4DOWJI004YmmSHJCGWYD3Djr7hxoYhbP8Cdf2OmnYW2HrhwOOde7r0Hx5xp47rfTmlpeWV1rbxe2djc2t6p7u61dZQoQlsk4pHqYqQpZ5K2DDOcdmNFkcCcdvD4Kvc7D1RpFsk7M4lpINBQspARZKzUr9ZSH4ewm0GfSZj6ApkRxvD2PhW+YYJqKLPMdrl1dwq4SLyC1ECBZr/65Q8ikggqDeFI657nxiZIkTKMcJpV/ETTGJExGtKepRLZRUE6fSaDR1YZwDBStqSBU/X3RIqE1hOBbWd+rZ73cvE/r5eY8CJImYwTQyWZLQoTDk0E82TggClKDJ9Ygohi9lZIRkghYmx+FRuCN//yImmf1L2z+unNaa1xWcRRBgfgEBwDD5yDBrgGTdACBDyCZ/AK3pwn58V5dz5mrSWnmNkHf+B8/gAzgJsc</latexit>

X 2 Rm⇥n

<latexit sha1_base64="cgNis6K6o/FqBNGTAF8AR3zk7qQ=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsaC6ENqQmW7TmvVcSLbQaqiDCz8CgsDCLHyEWz8DU6bAVqOdKWjc+7VvffgmDOlHefbKq2srq1vlDcrW9s7u3v2/kFHRYkktE0iHskeRopyJmhbM81pL5YUhZjTLp5c5X73gUrFInGnpzH1QzQSLGAEaSMN7Grq4QCiDHpMwNQLkR5jDG/vU5FlA7vm1J0Z4DJxC1IDBVoD+8sbRiQJqdCEI6X6rhNrP0VSM8JpVvESRWNEJmhE+4YKFFLlp7MnMnhslCEMImlKaDhTf0+kKFRqGmLTmV+pFr1c/M/rJzq48FMm4kRTQeaLgoRDHcE8EThkkhLNp4YgIpm5FZIxkohok1vFhOAuvrxMOqd196zeuGnUmpdFHGVQBUfgBLjgHDTBNWiBNiDgETyDV/BmPVkv1rv1MW8tWcXMIfgD6/MHIYOXyg==</latexit>

a 2 Rn

“A system of m equations with n unknowns” 

• No solution when m>n and rank(X)=n, i.e., y≠Xa, for any a. 


• Approach: minimize error / find parameters that bring Xa as close as possible to y:

<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n

<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m

<latexit sha1_base64="ylyPE8SWZiLlzU2IQrKu0qhS8cg="></latexit>
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<latexit sha1_base64="4sTR2PzaX3mdTqfOS915ASbUQJc=">AAACHHicbVA9SwNBEN3z2/gVtbRZDIJVuFNRS9HGUsWYQC6Gvc2cWdzbO3bnxLDcD7Hxr9hYKGJjIfhv3MQUmvhg4PHeDDPzokwKg77/5U1MTk3PzM7NlxYWl5ZXyqtrVybNNYcaT2WqGxEzIIWCGgqU0Mg0sCSSUI9uT/p+/Q60Eam6xF4GrYTdKBELztBJ7fJumKuO8wGtDaM4ZDLrsiIUitowYdiNInpRXKvChgj3aBOhiqJdrvhVfwA6ToIhqZAhztrlj7CT8jwBhVwyY5qBn2HLMo2CSyhKYW4gY/yW3UDTUcUSMC07eK6gW07p0DjVrhTSgfp7wrLEmF4Suc7+wWbU64v/ec0c48OWFSrLERT/WRTnkmJK+0nRjtDAUfYcYVwLdyvlXaYZR5dXyYUQjL48Tq52qsF+de98r3J0PIxjjmyQTbJNAnJAjsgpOSM1wskDeSIv5NV79J69N+/9p3XCG86skz/wPr8Bnpejlg==</latexit>

min
↵2Rn

<latexit sha1_base64="/NWOyRbSR6nATJQn7xMwVTHpgE0=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vHp2d1apXeVxFNEhOkInyEcXqIZuUB01EEUpekav6M15cl6cd+dj3lpw8pkD9AfO5w87JJN6</latexit>,
<latexit sha1_base64="4sTR2PzaX3mdTqfOS915ASbUQJc=">AAACHHicbVA9SwNBEN3z2/gVtbRZDIJVuFNRS9HGUsWYQC6Gvc2cWdzbO3bnxLDcD7Hxr9hYKGJjIfhv3MQUmvhg4PHeDDPzokwKg77/5U1MTk3PzM7NlxYWl5ZXyqtrVybNNYcaT2WqGxEzIIWCGgqU0Mg0sCSSUI9uT/p+/Q60Eam6xF4GrYTdKBELztBJ7fJumKuO8wGtDaM4ZDLrsiIUitowYdiNInpRXKvChgj3aBOhiqJdrvhVfwA6ToIhqZAhztrlj7CT8jwBhVwyY5qBn2HLMo2CSyhKYW4gY/yW3UDTUcUSMC07eK6gW07p0DjVrhTSgfp7wrLEmF4Suc7+wWbU64v/ec0c48OWFSrLERT/WRTnkmJK+0nRjtDAUfYcYVwLdyvlXaYZR5dXyYUQjL48Tq52qsF+de98r3J0PIxjjmyQTbJNAnJAjsgpOSM1wskDeSIv5NV79J69N+/9p3XCG86skz/wPr8Bnpejlg==</latexit>

min
↵2Rn

<latexit sha1_base64="+/qx9YkvdYlPhLC7xqM+o+aadXc=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwqJhSqpKmCsYGEsEv2RmlA5rtNadZzIdpCiJA/AwquwMIAQKw/Axtvgphmg5STLp7v7ZH/nhoxKZZrfRmlldW19o7xZ2dre2d2r7h90ZRAJTDo4YIHou0gSRjnpKKoY6YeCIN9lpOdOr2d+74EISQN+p+KQOD4ac+pRjJSWhtVamia268E4g2cwZ/0sv2zEwgnK0vS+oVNm3cwBl4lVkBoo0B5Wv+xRgCOfcIUZknJgmaFyEiQUxYxkFTuSJER4isZkoClHPpFOki+TwROtjKAXCH24grn6eyJBvpSx7+qkj9RELnoz8T9vECnv0kkoDyNFOJ4/5EUMqgDOmoEjKghWLNYEYUH1XyGeIIGw0v1VdAnW4srLpNuoW+f15m2z1roq6iiDI3AMToEFLkAL3IA26AAMHsEzeAVvxpPxYrwbH/NoyShmDsEfGJ8/4yua5g==</latexit>

||y �X↵||2



The geometry of linear regression

<latexit sha1_base64="K5Tx3I3HK2XqAzV6wCw89WyG6o8=">AAACG3icbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygq1Cpw530kybNskMSUYsw/yHG3/FjQtFXAku/BvTx8LXgXs5nHMvyT1hwpk2rvvpzMzOzS8sFpaKyyura+uljc2mjlNFaIPEPFbXIWjKmaQNwwyn14miIEJOr8LB2ci/uqVKs1hemmFC2wK6kkWMgLFSUDrI/DDCwzxg2NdM2JaKIOufePlNJnMfeNKDoH8XZKyf430/pAaCUtmtuGPgv8SbkjKaoh6U3v1OTFJBpSEctG55bmLaGSjDCKd50U81TYAMoEtblkoQVLez8W053rVKB0exsiUNHqvfNzIQWg9FaCcFmJ7+7Y3E/7xWaqLjdsZkkhoqyeShKOXYxHgUFO4wRYnhQ0uAKGb/ikkPFBBj4yzaELzfJ/8lzYOKd1ipXlTLtdNpHAW0jXbQHvLQEaqhc1RHDUTQPXpEz+jFeXCenFfnbTI640x3ttAPOB9fiMShvg==</latexit>

yi ⇠
nX

j=1

↵jxij + �

(Unknown) Parameters

observation/measurement  
of the ith individual 

Value of the jth feature  
of the ith individual

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠
<latexit sha1_base64="IqVXq48vwLHQUomtRP2YGJyLxCU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy2m3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Obmd++4kpzRP5YMYpC2IcSB5xisZKj34YER9FOsReueJW3TnIKvFyUoEcjV75y+8nNIuZNFSg1l3PTU0wQWU4FWxa8jPNUqQjHLCupRJjpoPJ/OIpObNKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/ud1MxNdBxMu08wwSReLokwQk5DZ+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fF0aQjQ==</latexit>↵

<latexit sha1_base64="gHThQnOts3SEnUXPPLhCCDbVyM0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vTAinX615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n82Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOxzMuAKmRETSyhT3N5K2IgqyozNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4w4PAMr/DmSOfFeXc+Fq0lp5g5hj9wPn8AOwKOUQ==</latexit>

X
<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="K/Et+GDyH8Naq2yPbNkmMC6eBJ8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqhKEgLGChbFI9CE1VXXjOq1VO4lsBymKsrLwKywMIMTKH7DxN7hpBmg5kuXjc+7V9T1+zJnSjvNtVVZW19Y3qpu1re2d3T17/6CjokQS2iYRj2TPB0U5C2lbM81pL5YUhM9p15/ezPzuA5WKReG9TmM6EDAOWcAIaCMNbZx5foDTHHuKifmjlxeXBzyeQD60607DKYCXiVuSOirRGtpf3igiiaChJhyU6rtOrAcZSM0Ip3nNSxSNgUxhTPuGhiCoGmTFJjk+McoIB5E0J9S4UH93ZCCUSoVvKgXoiVr0ZuJ/Xj/RwdUgY2GcaBqS+aAg4VhHeBYLHjFJieapIUAkM3/FZAISiDbh1UwI7uLKy6Rz1nAvGud35/XmdRlHFR2hY3SKXHSJmugWtVAbEfSIntErerOerBfr3fqYl1assucQ/YH1+QO+2JnA</latexit>

y ⇠ X↵
<latexit sha1_base64="Nt707WmyilEGt7Bh+yY5+vuUeb4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRoi6LblxWsQ9oYplMJ+3QmUmYmQghBDf+ihsXirj1K9z5N07aLrT1wIXDOfdy7z1BzKjSjvNtlZaWV1bXyuuVjc2t7R17d6+tokRi0sIRi2Q3QIowKkhLU81IN5YE8YCRTjC+KvzOA5GKRuJOpzHxORoKGlKMtJH69kHmBSFMc+hRATOPIz0KAnh7z/O+XXVqzgRwkbgzUgUzNPv2lzeIcMKJ0JghpXquE2s/Q1JTzEhe8RJFYoTHaEh6hgrEifKzyQs5PDbKAIaRNCU0nKi/JzLElUp5YDqLG9W8V4j/eb1Ehxd+RkWcaCLwdFGYMKgjWOQBB1QSrFlqCMKSmlshHiGJsDapVUwI7vzLi6R9WnPPavWberVxOYujDA7BETgBLjgHDXANmqAFMHgEz+AVvFlP1ov1bn1MW0vWbGYf/IH1+QNxGpbV</latexit>

y 2 Rm

<latexit sha1_base64="BDb4cVUP0Ej6PZfqiB+T/rf8c+M=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUV+4DOWJI004YmmSHJCGWYD3Djr7hxoYhbP8Cdf2OmnYW2HrhwOOde7r0Hx5xp47rfTmlpeWV1rbxe2djc2t6p7u61dZQoQlsk4pHqYqQpZ5K2DDOcdmNFkcCcdvD4Kvc7D1RpFsk7M4lpINBQspARZKzUr9ZSH4ewm0GfSZj6ApkRxvD2PhW+YYJqKLPMdrl1dwq4SLyC1ECBZr/65Q8ikggqDeFI657nxiZIkTKMcJpV/ETTGJExGtKepRLZRUE6fSaDR1YZwDBStqSBU/X3RIqE1hOBbWd+rZ73cvE/r5eY8CJImYwTQyWZLQoTDk0E82TggClKDJ9Ygohi9lZIRkghYmx+FRuCN//yImmf1L2z+unNaa1xWcRRBgfgEBwDD5yDBrgGTdACBDyCZ/AK3pwn58V5dz5mrSWnmNkHf+B8/gAzgJsc</latexit>

X 2 Rm⇥n

<latexit sha1_base64="cgNis6K6o/FqBNGTAF8AR3zk7qQ=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsaC6ENqQmW7TmvVcSLbQaqiDCz8CgsDCLHyEWz8DU6bAVqOdKWjc+7VvffgmDOlHefbKq2srq1vlDcrW9s7u3v2/kFHRYkktE0iHskeRopyJmhbM81pL5YUhZjTLp5c5X73gUrFInGnpzH1QzQSLGAEaSMN7Grq4QCiDHpMwNQLkR5jDG/vU5FlA7vm1J0Z4DJxC1IDBVoD+8sbRiQJqdCEI6X6rhNrP0VSM8JpVvESRWNEJmhE+4YKFFLlp7MnMnhslCEMImlKaDhTf0+kKFRqGmLTmV+pFr1c/M/rJzq48FMm4kRTQeaLgoRDHcE8EThkkhLNp4YgIpm5FZIxkohok1vFhOAuvrxMOqd196zeuGnUmpdFHGVQBUfgBLjgHDTBNWiBNiDgETyDV/BmPVkv1rv1MW8tWcXMIfgD6/MHIYOXyg==</latexit>

a 2 Rn

“A system of m equations with n unknowns” 

• No solution when m>n and rank(X)=n, i.e., y≠Xa, for any a. 


• Approach: minimize error /  
find parameters that bring Xa as close as possible to y:

<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n

<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m

<latexit sha1_base64="ylyPE8SWZiLlzU2IQrKu0qhS8cg="></latexit>
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<latexit sha1_base64="4sTR2PzaX3mdTqfOS915ASbUQJc=">AAACHHicbVA9SwNBEN3z2/gVtbRZDIJVuFNRS9HGUsWYQC6Gvc2cWdzbO3bnxLDcD7Hxr9hYKGJjIfhv3MQUmvhg4PHeDDPzokwKg77/5U1MTk3PzM7NlxYWl5ZXyqtrVybNNYcaT2WqGxEzIIWCGgqU0Mg0sCSSUI9uT/p+/Q60Eam6xF4GrYTdKBELztBJ7fJumKuO8wGtDaM4ZDLrsiIUitowYdiNInpRXKvChgj3aBOhiqJdrvhVfwA6ToIhqZAhztrlj7CT8jwBhVwyY5qBn2HLMo2CSyhKYW4gY/yW3UDTUcUSMC07eK6gW07p0DjVrhTSgfp7wrLEmF4Suc7+wWbU64v/ec0c48OWFSrLERT/WRTnkmJK+0nRjtDAUfYcYVwLdyvlXaYZR5dXyYUQjL48Tq52qsF+de98r3J0PIxjjmyQTbJNAnJAjsgpOSM1wskDeSIv5NV79J69N+/9p3XCG86skz/wPr8Bnpejlg==</latexit>

min
↵2Rn

<latexit sha1_base64="/NWOyRbSR6nATJQn7xMwVTHpgE0=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vHp2d1apXeVxFNEhOkInyEcXqIZuUB01EEUpekav6M15cl6cd+dj3lpw8pkD9AfO5w87JJN6</latexit>,
<latexit sha1_base64="4sTR2PzaX3mdTqfOS915ASbUQJc=">AAACHHicbVA9SwNBEN3z2/gVtbRZDIJVuFNRS9HGUsWYQC6Gvc2cWdzbO3bnxLDcD7Hxr9hYKGJjIfhv3MQUmvhg4PHeDDPzokwKg77/5U1MTk3PzM7NlxYWl5ZXyqtrVybNNYcaT2WqGxEzIIWCGgqU0Mg0sCSSUI9uT/p+/Q60Eam6xF4GrYTdKBELztBJ7fJumKuO8wGtDaM4ZDLrsiIUitowYdiNInpRXKvChgj3aBOhiqJdrvhVfwA6ToIhqZAhztrlj7CT8jwBhVwyY5qBn2HLMo2CSyhKYW4gY/yW3UDTUcUSMC07eK6gW07p0DjVrhTSgfp7wrLEmF4Suc7+wWbU64v/ec0c48OWFSrLERT/WRTnkmJK+0nRjtDAUfYcYVwLdyvlXaYZR5dXyYUQjL48Tq52qsF+de98r3J0PIxjjmyQTbJNAnJAjsgpOSM1wskDeSIv5NV79J69N+/9p3XCG86skz/wPr8Bnpejlg==</latexit>

min
↵2Rn

<latexit sha1_base64="+/qx9YkvdYlPhLC7xqM+o+aadXc=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwqJhSqpKmCsYGEsEv2RmlA5rtNadZzIdpCiJA/AwquwMIAQKw/Axtvgphmg5STLp7v7ZH/nhoxKZZrfRmlldW19o7xZ2dre2d2r7h90ZRAJTDo4YIHou0gSRjnpKKoY6YeCIN9lpOdOr2d+74EISQN+p+KQOD4ac+pRjJSWhtVamia268E4g2cwZ/0sv2zEwgnK0vS+oVNm3cwBl4lVkBoo0B5Wv+xRgCOfcIUZknJgmaFyEiQUxYxkFTuSJER4isZkoClHPpFOki+TwROtjKAXCH24grn6eyJBvpSx7+qkj9RELnoz8T9vECnv0kkoDyNFOJ4/5EUMqgDOmoEjKghWLNYEYUH1XyGeIIGw0v1VdAnW4srLpNuoW+f15m2z1roq6iiDI3AMToEFLkAL3IA26AAMHsEzeAVvxpPxYrwbH/NoyShmDsEfGJ8/4yua5g==</latexit>

||y �X↵||2

Solution
(m=3, n=2)



The geometry of linear regression
Calculating 

Solution
(m=3, n=2)

<latexit sha1_base64="9n57SPxs/rh4ZnFJruLVgNKRJbo="></latexit>

↵⇤ = argmin
↵

||y �X↵||2



The geometry of linear regression
Calculating 

Solution
(m=3, n=2)

<latexit sha1_base64="9n57SPxs/rh4ZnFJruLVgNKRJbo="></latexit>

↵⇤ = argmin
↵

||y �X↵||2

• Orthogonality Principle: “the minimum is achieved when the error is perpendicular to all columns of X”



The geometry of linear regression
Calculating 

Solution
(m=3, n=2)

<latexit sha1_base64="9n57SPxs/rh4ZnFJruLVgNKRJbo="></latexit>

↵⇤ = argmin
↵

||y �X↵||2

• Orthogonality Principle: “the minimum is achieved when the error is perpendicular to all columns of X”

<latexit sha1_base64="cOqRnxTQte9Mp65Ibn60BT8CcXc="></latexit>

xT
i (y �X↵⇤) = 0, 8i Show this by setting the 

partial derivatives of the MSE
equal to zero 



The geometry of linear regression
Calculating 

Solution
(m=3, n=2)

<latexit sha1_base64="9n57SPxs/rh4ZnFJruLVgNKRJbo="></latexit>

↵⇤ = argmin
↵

||y �X↵||2

• Orthogonality Principle: “the minimum is achieved when the error is perpendicular to all columns of X”

<latexit sha1_base64="cOqRnxTQte9Mp65Ibn60BT8CcXc="></latexit>

xT
i (y �X↵⇤) = 0, 8i

<latexit sha1_base64="5cGasv0ni+MuWFX5VgBJY11Are8="></latexit>

, XT(y �X↵⇤) = 0
<latexit sha1_base64="Zze9QD4Xj4r5io6jdEzgXSDLekQ="></latexit>

, XTy �XTX↵⇤ = 0
, XTy = XTX↵⇤

, (XTX)�1XTy = (XTX)�1XTX↵⇤

<latexit sha1_base64="tin5PoaI9Sf17SGEsfTlCV/JkL4="></latexit>

, (XTX)�1XTy = ↵⇤

<latexit sha1_base64="Ln6i5DP2FGDaM4CkbETYOgZqui0="></latexit>

↵⇤ = (XTX)�1XTy

<latexit sha1_base64="zSaDuCEWgdR6Wkahaa6LIxIkfHU="></latexit>

, (XTX)�1XTy = (XTX)�1XTX| {z }↵
⇤

= Identity

Proof:

• The solution α* satisfying the above equations  
is given by:



The geometry of linear regression

Solution
(m=3, n=2)

<latexit sha1_base64="Ln6i5DP2FGDaM4CkbETYOgZqui0="></latexit>

↵⇤ = (XTX)�1XTy

<latexit sha1_base64="9n57SPxs/rh4ZnFJruLVgNKRJbo="></latexit>

↵⇤ = argmin
↵

||y �X↵||2Linear regression:

Solution is given by projecting y onto the data

Summary



The geometry of linear regression
Where is the “regression line” ?

Solution
(m=3, n=2)

<latexit sha1_base64="Ln6i5DP2FGDaM4CkbETYOgZqui0="></latexit>

↵⇤ = (XTX)�1XTy

<latexit sha1_base64="9n57SPxs/rh4ZnFJruLVgNKRJbo="></latexit>

↵⇤ = argmin
↵

||y �X↵||2Linear regression:

Solution is given by projecting y onto the data

Summary

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="IqVXq48vwLHQUomtRP2YGJyLxCU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy2m3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Obmd++4kpzRP5YMYpC2IcSB5xisZKj34YER9FOsReueJW3TnIKvFyUoEcjV75y+8nNIuZNFSg1l3PTU0wQWU4FWxa8jPNUqQjHLCupRJjpoPJ/OIpObNKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/ud1MxNdBxMu08wwSReLokwQk5DZ+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fF0aQjQ==</latexit>↵<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y <latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m

• n=1, general m “2 vectors in m dimensions”

<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

<latexit sha1_base64="u8JCXqaSYR5NFn81vsW77YiYmq4="></latexit>

↵
⇤ · x

ε



The geometry of linear regression
Where is the “regression line” ?

Solution
(m=3, n=2)

<latexit sha1_base64="Ln6i5DP2FGDaM4CkbETYOgZqui0="></latexit>

↵⇤ = (XTX)�1XTy

<latexit sha1_base64="9n57SPxs/rh4ZnFJruLVgNKRJbo="></latexit>

↵⇤ = argmin
↵

||y �X↵||2Linear regression:

Solution is given by projecting y onto the data

Summary

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="IqVXq48vwLHQUomtRP2YGJyLxCU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy2m3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Obmd++4kpzRP5YMYpC2IcSB5xisZKj34YER9FOsReueJW3TnIKvFyUoEcjV75y+8nNIuZNFSg1l3PTU0wQWU4FWxa8jPNUqQjHLCupRJjpoPJ/OIpObNKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/ud1MxNdBxMu08wwSReLokwQk5DZ+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fF0aQjQ==</latexit>↵<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y <latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m

• n=1, general m “2 vectors in m dimensions”

<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

<latexit sha1_base64="u8JCXqaSYR5NFn81vsW77YiYmq4="></latexit>

↵
⇤ · x

ε

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

“m vectors in 2 dimensions”

y=αx

ε3

ε4

ε5

ε2ε1

ε2 = ε12 + ε22 + … + εm2  



The geometry of linear regression
Where is the “regression line” ?

Solution
(m=3, n=2)

<latexit sha1_base64="Ln6i5DP2FGDaM4CkbETYOgZqui0="></latexit>

↵⇤ = (XTX)�1XTy

<latexit sha1_base64="9n57SPxs/rh4ZnFJruLVgNKRJbo="></latexit>

↵⇤ = argmin
↵

||y �X↵||2Linear regression:

Solution is given by projecting y onto the data

Summary

<latexit sha1_base64="DyL84uHYKouib8MrcE4AVzBROKw=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qXz5c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzByKdjlA=</latexit>⇠ <latexit sha1_base64="IqVXq48vwLHQUomtRP2YGJyLxCU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy2m3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Obmd++4kpzRP5YMYpC2IcSB5xisZKj34YER9FOsReueJW3TnIKvFyUoEcjV75y+8nNIuZNFSg1l3PTU0wQWU4FWxa8jPNUqQjHLCupRJjpoPJ/OIpObNKn0SJsiUNmau/JyYYaz2OQ9sZoxnqZW8m/ud1MxNdBxMu08wwSReLokwQk5DZ+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXjLL6+S1kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fF0aQjQ==</latexit>↵<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y <latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m

• n=1, general m “2 vectors in m dimensions”

<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

<latexit sha1_base64="u8JCXqaSYR5NFn81vsW77YiYmq4="></latexit>

↵
⇤ · x

ε

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

“m vectors in 2 dimensions”

y=αx

ε3

ε4

ε5

ε2ε1

ε2 = ε12 + ε22 + … + εm2  

• Note that solution minimizes the vertical (squared) distances from points to the fitted line. 
— the points on the line are of the form (xi, αxi) and εi = |xi - αxi| 

“Complete trust in x-coordinates”



The geometry of linear regression
“Asymmetry in linear regression”

<latexit sha1_base64="D1r50GjIBFy5OMCxGHfTNU8B4Gw="></latexit>

min
↵

||y � ↵x||2
<latexit sha1_base64="IAhxWW4rhcDJG9HMMkJx6R1rql4="></latexit>

min
↵

||x� ↵y||2
•                                 —>   Describe y in terms of x (y~x)


• Note that we can do the opposite                                 to describe x~y



The geometry of linear regression
“Asymmetry in linear regression”

<latexit sha1_base64="D1r50GjIBFy5OMCxGHfTNU8B4Gw="></latexit>

min
↵

||y � ↵x||2
<latexit sha1_base64="IAhxWW4rhcDJG9HMMkJx6R1rql4="></latexit>

min
↵

||x� ↵y||2
•                                 —>   Describe y in terms of x (y~x)


• Note that we can do the opposite                                 to describe x~y

Ideas for a “symmetric” version?



The geometry of linear regression
“Asymmetry in linear regression”

<latexit sha1_base64="D1r50GjIBFy5OMCxGHfTNU8B4Gw="></latexit>

min
↵

||y � ↵x||2
<latexit sha1_base64="IAhxWW4rhcDJG9HMMkJx6R1rql4="></latexit>

min
↵

||x� ↵y||2

What if we “describe” both x and y in terms of a common z?

<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

•                                 —>   Describe y in terms of x (y~x)


• Note that we can do the opposite                                 to describe x~y



•                                 —>   Describe y in terms of x (y~x)


• Note that we can do the opposite                                 to describe x~y

The geometry of linear regression
“Asymmetry in linear regression”

<latexit sha1_base64="D1r50GjIBFy5OMCxGHfTNU8B4Gw="></latexit>

min
↵

||y � ↵x||2
<latexit sha1_base64="IAhxWW4rhcDJG9HMMkJx6R1rql4="></latexit>

min
↵

||x� ↵y||2

What if we “describe” both x and y in terms of a common z?

<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z
?



•                                 —>   Describe y in terms of x (y~x)


• Note that we can do the opposite                                 to describe x~y

The geometry of linear regression
“Asymmetry in linear regression”

<latexit sha1_base64="D1r50GjIBFy5OMCxGHfTNU8B4Gw="></latexit>

min
↵

||y � ↵x||2
<latexit sha1_base64="IAhxWW4rhcDJG9HMMkJx6R1rql4="></latexit>

min
↵

||x� ↵y||2

What if we “describe” both x and y in terms of a common z?

<latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z
?



• Points in two dimensions as in previous example

Towards Principal Component Analysis
Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

• Goal: find z that minimizes both error terms εx2+εy2 

<latexit sha1_base64="/zYKn5VjOx8b0qIUkm7L8eQ8YlA="></latexit>

✏2x = ||x� ↵z||2
<latexit sha1_base64="3V0mJPR++ZOpDIo5J6Ps7NJCSUg="></latexit>

✏2y = ||y � �z||2

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

Towards Principal Component Analysis

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

• Goal: find z that minimizes both error terms εx2+εy2 

<latexit sha1_base64="/zYKn5VjOx8b0qIUkm7L8eQ8YlA="></latexit>

✏2x = ||x� ↵z||2
<latexit sha1_base64="3V0mJPR++ZOpDIo5J6Ps7NJCSUg="></latexit>

✏2y = ||y � �z||2

• For a given z, we know how to solve for α* and β* 

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

<latexit sha1_base64="vpheevmQIbsKdW27WVcTRQR76qg="></latexit>

↵⇤ = (zTz)�1zTx =
zTx

||z||2
<latexit sha1_base64="2rVSeFA/jhE8s2m4Ns+7SUA2cI4="></latexit>

�⇤ = (zTz)�1zTy =
zTy

||z||2

Towards Principal Component Analysis

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

• Goal: find z that minimizes both error terms εx2+εy2 

<latexit sha1_base64="/zYKn5VjOx8b0qIUkm7L8eQ8YlA="></latexit>

✏2x = ||x� ↵z||2
<latexit sha1_base64="3V0mJPR++ZOpDIo5J6Ps7NJCSUg="></latexit>

✏2y = ||y � �z||2

• For a given z, we know how to solve for α* and β* 

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

<latexit sha1_base64="vpheevmQIbsKdW27WVcTRQR76qg="></latexit>

↵⇤ = (zTz)�1zTx =
zTx

||z||2
<latexit sha1_base64="2rVSeFA/jhE8s2m4Ns+7SUA2cI4="></latexit>

�⇤ = (zTz)�1zTy =
zTy

||z||2

But what is the best z?
<latexit sha1_base64="ugypJ3RjkeMbIMuRL6+RIbc1R4E="></latexit>

min
z2Rm

����

����x� zTx

||z||2 · z
����

����
2

+

����

����y � zTy

||z||2 · z
����

����
2

Towards Principal Component Analysis

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

• Goal: find z that minimizes both error terms εx2+εy2 

<latexit sha1_base64="/zYKn5VjOx8b0qIUkm7L8eQ8YlA="></latexit>

✏2x = ||x� ↵z||2
<latexit sha1_base64="3V0mJPR++ZOpDIo5J6Ps7NJCSUg="></latexit>

✏2y = ||y � �z||2

• For a given z, we know how to solve for α* and β* 

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

<latexit sha1_base64="vpheevmQIbsKdW27WVcTRQR76qg="></latexit>

↵⇤ = (zTz)�1zTx =
zTx

||z||2
<latexit sha1_base64="2rVSeFA/jhE8s2m4Ns+7SUA2cI4="></latexit>

�⇤ = (zTz)�1zTy =
zTy

||z||2

But what is the best z?
<latexit sha1_base64="ugypJ3RjkeMbIMuRL6+RIbc1R4E="></latexit>

min
z2Rm

����

����x� zTx

||z||2 · z
����

����
2

+

����

����y � zTy

||z||2 · z
����

����
2

<latexit sha1_base64="up/7Qq1HW1bylT4jElvtRsJNRLc="></latexit>

= min
z:||z||=1

����x� zTx · z
����2 +

����x� zTy · z
����2

(the norm of z doesn’t affect the error terms)

(we may as well set it to be 1)

Towards Principal Component Analysis

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

• Goal: find z that minimizes both error terms εx2+εy2 

<latexit sha1_base64="/zYKn5VjOx8b0qIUkm7L8eQ8YlA="></latexit>

✏2x = ||x� ↵z||2
<latexit sha1_base64="3V0mJPR++ZOpDIo5J6Ps7NJCSUg="></latexit>

✏2y = ||y � �z||2

• For a given z, we know how to solve for α* and β* 

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

<latexit sha1_base64="vpheevmQIbsKdW27WVcTRQR76qg="></latexit>

↵⇤ = (zTz)�1zTx =
zTx

||z||2
<latexit sha1_base64="2rVSeFA/jhE8s2m4Ns+7SUA2cI4="></latexit>

�⇤ = (zTz)�1zTy =
zTy

||z||2

But what is the best z?
<latexit sha1_base64="ugypJ3RjkeMbIMuRL6+RIbc1R4E="></latexit>

min
z2Rm

����

����x� zTx

||z||2 · z
����

����
2

+

����

����y � zTy

||z||2 · z
����

����
2

<latexit sha1_base64="up/7Qq1HW1bylT4jElvtRsJNRLc="></latexit>

= min
z:||z||=1

����x� zTx · z
����2 +

����x� zTy · z
����2

(the norm of z doesn’t affect the error terms)

(we may as well set it to be 1)

<latexit sha1_base64="5Vc8Ap4NBdZvN3OLablfaOjbVh8="></latexit>

= min
z:||z||=1

||x||2 � (zTx)2 + ||y||2 � (zTy)2

(expand the squares)

(simplify)

<latexit sha1_base64="1+zPb5hIGpAXRDEB8C9dGUDUtSY="></latexit>

= ||x||2 + ||y||2 � max
z:||z||=1

(zTx)2 + (zTy)2 (x and y terms do not depend on z)

Towards Principal Component Analysis

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…

<latexit sha1_base64="j2tiSNYJVI0H9br/4lYmBq9qiRA="></latexit>

= min
z:||z||=1

||x||2 � 2zTx · zTx+ ||zTx · z||2

+||y||2 � 2zTy · zTx+ ||zTy · z||2
<latexit sha1_base64="sgb8NqFCbCkAROCtOiURJoestz4="></latexit>

zTy



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

• Goal: find z that minimizes both error terms εx2+εy2 

<latexit sha1_base64="/zYKn5VjOx8b0qIUkm7L8eQ8YlA="></latexit>

✏2x = ||x� ↵z||2
<latexit sha1_base64="3V0mJPR++ZOpDIo5J6Ps7NJCSUg="></latexit>

✏2y = ||y � �z||2

• For a given z, we know how to solve for α* and β* 

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

<latexit sha1_base64="vpheevmQIbsKdW27WVcTRQR76qg="></latexit>

↵⇤ = (zTz)�1zTx =
zTx

||z||2
<latexit sha1_base64="2rVSeFA/jhE8s2m4Ns+7SUA2cI4="></latexit>

�⇤ = (zTz)�1zTy =
zTy

||z||2

But what is the best z?
<latexit sha1_base64="ugypJ3RjkeMbIMuRL6+RIbc1R4E="></latexit>

min
z2Rm

����

����x� zTx

||z||2 · z
����

����
2

+

����

����y � zTy

||z||2 · z
����

����
2

<latexit sha1_base64="up/7Qq1HW1bylT4jElvtRsJNRLc="></latexit>

= min
z:||z||=1

����x� zTx · z
����2 +

����x� zTy · z
����2

(the norm of z doesn’t affect the error terms)

(we may as well set it to be 1)

<latexit sha1_base64="5Vc8Ap4NBdZvN3OLablfaOjbVh8="></latexit>

= min
z:||z||=1

||x||2 � (zTx)2 + ||y||2 � (zTy)2

(expand the squares)

(simplify)

<latexit sha1_base64="1+zPb5hIGpAXRDEB8C9dGUDUtSY="></latexit>

= ||x||2 + ||y||2 � max
z:||z||=1

(zTx)2 + (zTy)2 (x and y terms do not depend on z)

• The same z maximizes the magnitude of the projections!

Towards Principal Component Analysis

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…

<latexit sha1_base64="j2tiSNYJVI0H9br/4lYmBq9qiRA="></latexit>

= min
z:||z||=1

||x||2 � 2zTx · zTx+ ||zTx · z||2

+||y||2 � 2zTy · zTx+ ||zTy · z||2
<latexit sha1_base64="sgb8NqFCbCkAROCtOiURJoestz4="></latexit>

zTy



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

• Goal: find z that minimizes both error terms εx2+εy2 

<latexit sha1_base64="/zYKn5VjOx8b0qIUkm7L8eQ8YlA="></latexit>

✏2x = ||x� ↵z||2
<latexit sha1_base64="3V0mJPR++ZOpDIo5J6Ps7NJCSUg="></latexit>

✏2y = ||y � �z||2

• For a given z, we know how to solve for α* and β* 

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

<latexit sha1_base64="vpheevmQIbsKdW27WVcTRQR76qg="></latexit>

↵⇤ = (zTz)�1zTx =
zTx

||z||2
<latexit sha1_base64="2rVSeFA/jhE8s2m4Ns+7SUA2cI4="></latexit>

�⇤ = (zTz)�1zTy =
zTy

||z||2

But what is the best z?
<latexit sha1_base64="ugypJ3RjkeMbIMuRL6+RIbc1R4E="></latexit>

min
z2Rm

����

����x� zTx

||z||2 · z
����

����
2

+

����

����y � zTy

||z||2 · z
����

����
2

(the norm of z doesn’t affect the error terms)

<latexit sha1_base64="1+zPb5hIGpAXRDEB8C9dGUDUtSY="></latexit>

= ||x||2 + ||y||2 � max
z:||z||=1

(zTx)2 + (zTy)2 (x and y terms do not depend on z)

• The same z maximizes the magnitude of the projections!
<latexit sha1_base64="qT2WEKCpi0Yyt1PZJL1y5vBEPMc="></latexit>

max
z:||z||=1

(zTx)2 + (zTy)2

= max
z:||z||=1

zT (xxT + yyT)| {z } z
mxm symmetric matrix

<latexit sha1_base64="JNpVsAPmXBF8LVstf/PpsRSjlEc="></latexit>

= max
z:||z||=1

zTMMTz

= max
z:||z||=1

||MTz||2

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="HLIimNn0DgjhNa5xy5QKugVqhNI="></latexit>

, where M = [x,y] 2 Rm⇥2

Towards Principal Component Analysis

(rearrange terms and simplify)

(the DATA matrix!)

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

Towards Principal Component Analysis

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="HLIimNn0DgjhNa5xy5QKugVqhNI="></latexit>

, where M = [x,y] 2 Rm⇥2 (the DATA matrix)

• Maximizing a quadratic function subject to constraints is notoriously hard (NP-hard problem)


• In our case above: very efficient algorithm exists (elegant solution mathematically): 
 

 

• In our derivation, we have ignored the “intercept”. Following exactly the same steps, leads to the same optimization 
problem but with the data matrix M being zero-centered:  

•               is the covariance matrix! 

<latexit sha1_base64="h7JFV6ML1X79Z4xY4NleYOvDykQ="></latexit>

M = [x� µx,y � µy]

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="EIqiZt/fTFg+uFVVszQS9XygYvc="></latexit>

= �max(MMT), z⇤ = principal eigenvector of MMT

<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM

<latexit sha1_base64="Nn3WuSEejlcyaX9k1fncVWdfRAA="></latexit>

MTM
<latexit sha1_base64="nlGIz67NCvnKlDEgjChAXt6wqc0="></latexit>

w⇤ is the first principal component
<latexit sha1_base64="0v3RiWtWQTKofmY8Rj+UBtUOY5I="></latexit>

�max is the “explained variance”
<latexit sha1_base64="8Vf7VetR9pP9lPmHfLd+kEMvfyM="></latexit>

z⇤
p

�max gives the coordinates of the projected points

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

Towards Principal Component Analysis

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="HLIimNn0DgjhNa5xy5QKugVqhNI="></latexit>

, where M = [x,y] 2 Rm⇥2 (the DATA matrix)

• Maximizing a quadratic function subject to constraints is notoriously hard (NP-hard problem)


• In our case above: very efficient algorithm exists (elegant solution mathematically): 
 

 

• In our derivation, we have ignored the “intercept”. Following exactly the same steps, leads to the same optimization 
problem but with the data matrix M being zero-centered:  

•               is the covariance matrix! 

<latexit sha1_base64="h7JFV6ML1X79Z4xY4NleYOvDykQ="></latexit>

M = [x� µx,y � µy]

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="EIqiZt/fTFg+uFVVszQS9XygYvc="></latexit>

= �max(MMT), z⇤ = principal eigenvector of MMT

<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM

<latexit sha1_base64="Nn3WuSEejlcyaX9k1fncVWdfRAA="></latexit>

MTM
<latexit sha1_base64="nlGIz67NCvnKlDEgjChAXt6wqc0="></latexit>

w⇤ is the first principal component
<latexit sha1_base64="0v3RiWtWQTKofmY8Rj+UBtUOY5I="></latexit>

�max is the “explained variance”
<latexit sha1_base64="8Vf7VetR9pP9lPmHfLd+kEMvfyM="></latexit>

z⇤
p

�max gives the coordinates of the projected points

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

Towards Principal Component Analysis

• Maximizing a quadratic function subject to constraints is notoriously hard (NP-hard problem)


• In our case above: very efficient algorithm exists (elegant solution mathematically): 
 

 

• In our derivation, we have ignored the “intercept”. Following exactly the same steps, leads to the same optimization 
problem but with the data matrix M being zero-centered:  

•               is the covariance matrix! 

<latexit sha1_base64="h7JFV6ML1X79Z4xY4NleYOvDykQ="></latexit>

M = [x� µx,y � µy]

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="EIqiZt/fTFg+uFVVszQS9XygYvc="></latexit>

= �max(MMT), z⇤ = principal eigenvector of MMT

<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM

<latexit sha1_base64="Nn3WuSEejlcyaX9k1fncVWdfRAA="></latexit>

MTM
<latexit sha1_base64="nlGIz67NCvnKlDEgjChAXt6wqc0="></latexit>

w⇤ is the first principal component
<latexit sha1_base64="0v3RiWtWQTKofmY8Rj+UBtUOY5I="></latexit>

�max is the “explained variance”
<latexit sha1_base64="8Vf7VetR9pP9lPmHfLd+kEMvfyM="></latexit>

z⇤
p

�max gives the coordinates of the projected points

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…

Work this out!

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="HLIimNn0DgjhNa5xy5QKugVqhNI="></latexit>

, where M = [x,y] 2 Rm⇥2 (the DATA matrix)



• Points in two dimensions as in previous example

Find z that best describes x and y <latexit sha1_base64="iNVncQFqa7QRGubNYZLs4/E93zE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0Io/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIeMU95ENOhEpFgFK3k98KI5P1qza27c5BV4hWkBgWa/epXb5CwLOYKmaTGdD03xWBCNQom+bTSywxPKRvTIe9aqmjMTTCZHzslZ1YZkCjRthSSufp7YkJjY/I4tJ0xxZFZ9mbif143w+gmmAiVZsgVWyyKMkkwIbPPyUBozlDmllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AbQaOcg==</latexit>y

<latexit sha1_base64="e6N3s0H2Kv4k0FF/2qsxVj6aYG0="></latexit>x

εy

εx

<latexit sha1_base64="5KAymJqtMkJUlBdJch/cuy8rQC8="></latexit>z

<latexit sha1_base64="TjVAiu6MDfnk16OfqVVEhWgOvuE="></latexit>

y = [y1, y2, . . . , ym]T

<latexit sha1_base64="9bPKtikWhRAp/8TjjNlgPvnDv1Y="></latexit>

x = [x1, x2, . . . , xm]T

<latexit sha1_base64="PieDvdwgFLyhIpwLzRQEjU9X2DM="></latexit>↵z

<latexit sha1_base64="ktPajLD3dmxJS+WJP/3DFPkvT9o="></latexit>

�z

Towards Principal Component Analysis

• Maximizing a quadratic function subject to constraints is notoriously hard (NP-hard problem)


• In our case above: very efficient algorithm exists (elegant solution mathematically): 
 

 

• In our derivation, we have ignored the “intercept”. Following exactly the same steps, leads to the same optimization 
problem but with the data matrix M being zero-centered:  

•                          is the empirical covariance matrix! 

<latexit sha1_base64="h7JFV6ML1X79Z4xY4NleYOvDykQ="></latexit>

M = [x� µx,y � µy]

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="EIqiZt/fTFg+uFVVszQS9XygYvc="></latexit>

= �max(MMT), z⇤ = principal eigenvector of MMT

<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM

<latexit sha1_base64="nlGIz67NCvnKlDEgjChAXt6wqc0="></latexit>

w⇤ is the first principal component
<latexit sha1_base64="XID7XrmWBHlVkmxtecam/xV4QgA="></latexit>

1

m� 1
MTM

<latexit sha1_base64="4RqKP/3DQurVQ9HSWfMA+bODGOY="></latexit>

Mw⇤ = z⇤
p
�max gives the coordinates of the projected points

<latexit sha1_base64="Uo4a/TUBTAxEKFGcBmk787+5nvU="></latexit>

�max

m� 1
is the “explained variance”

(x1,y1)

(x2,y2)

(x3,y3)

(x4,y4)
(x5,y5)

y

x

(xm, ym)
…

<latexit sha1_base64="AMW9n0PdnZvmwHat17FP6NWkshE="></latexit>

= max
z:||z||=1

zTMMTz
<latexit sha1_base64="HLIimNn0DgjhNa5xy5QKugVqhNI="></latexit>

, where M = [x,y] 2 Rm⇥2 (the DATA matrix)



Principal Component Analysis — General Case
• A collection of n features across m samples;   datapoints:


• zero-centered data matrix:
<latexit sha1_base64="j1riKFicLgAveoB4OV1dMfymphw="></latexit>

M = [x̃1, x̃2, . . . , x̃m]T 2 Rm⇥n <latexit sha1_base64="bGn8BH0gOhP7fHmmxgO5A29tep0="></latexit>

, where x̃i = xi � 1
m

P
k xk

<latexit sha1_base64="8EuV63+K+4qIYY2U8bOzUJt9em0="></latexit>

x1,x2,x3, . . . ,xm 2 Rn

<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM
<latexit sha1_base64="YxBTgq7lu0O9NF1qdnFi9+IImgk="></latexit>

max
w2Rn:||w||=1

||Mw||2(PC1)



Principal Component Analysis — General Case
• A collection of n features across m samples;   datapoints:


• zero-centered data matrix:
<latexit sha1_base64="j1riKFicLgAveoB4OV1dMfymphw="></latexit>

M = [x̃1, x̃2, . . . , x̃m]T 2 Rm⇥n <latexit sha1_base64="bGn8BH0gOhP7fHmmxgO5A29tep0="></latexit>

, where x̃i = xi � 1
m

P
k xk

<latexit sha1_base64="8EuV63+K+4qIYY2U8bOzUJt9em0="></latexit>

x1,x2,x3, . . . ,xm 2 Rn

<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM
<latexit sha1_base64="YxBTgq7lu0O9NF1qdnFi9+IImgk="></latexit>

max
w2Rn:||w||=1

||Mw||2

<latexit sha1_base64="GFiwHlWVcuNhPP5MdKKGY4d+dMU="></latexit>

x̃i

<latexit sha1_base64="bR4U7BPDpB+wdrnRBMFktKmuscA="></latexit>

x̃
T
i
w

PC1

PCA finds the “direction” of maximum variance
PCA minimizes the “error” from points to projection

• Projection along w* reduces the dimensions from n to 1: 
 
— projected datapoints: 
 
— variance: 

<latexit sha1_base64="ViUjUWRZIUCRuKidAOZzNdT4xA4="></latexit>

x̃T
1 w

⇤, x̃T
2 w

⇤, . . . , x̃T
mw⇤ 2 R

<latexit sha1_base64="4Q2qHW47VIzPaWP0cKisVDMGboU="></latexit>

1
m�1

P
i(x̃

T
i w

⇤)2 = ||Mw⇤||2
m�1 = �max

m�1

(PC1)



Principal Component Analysis — General Case
• A collection of n features across m samples;   datapoints:


• zero-centered data matrix:
<latexit sha1_base64="j1riKFicLgAveoB4OV1dMfymphw="></latexit>

M = [x̃1, x̃2, . . . , x̃m]T 2 Rm⇥n <latexit sha1_base64="bGn8BH0gOhP7fHmmxgO5A29tep0="></latexit>

, where x̃i = xi � 1
m

P
k xk

<latexit sha1_base64="8EuV63+K+4qIYY2U8bOzUJt9em0="></latexit>

x1,x2,x3, . . . ,xm 2 Rn

<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM
<latexit sha1_base64="YxBTgq7lu0O9NF1qdnFi9+IImgk="></latexit>

max
w2Rn:||w||=1

||Mw||2

<latexit sha1_base64="GFiwHlWVcuNhPP5MdKKGY4d+dMU="></latexit>

x̃i
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PCA finds the “direction” of maximum variance
PCA minimizes the “error” from points to projection

<latexit sha1_base64="ViUjUWRZIUCRuKidAOZzNdT4xA4="></latexit>

x̃T
1 w
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2 w
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<latexit sha1_base64="4Q2qHW47VIzPaWP0cKisVDMGboU="></latexit>

1
m�1

P
i(x̃

T
i w
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m�1

‣ (next lecture) 
 
— Core Algorithm: Singular Value Decomposition (SVD) 
 
— Python Examples / Code (MDS, pPCA, EM)

(PC1)

• Projection along w* reduces the dimensions from n to 1: 
 
— projected datapoints: 
 
— variance: 
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Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•
<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

<latexit sha1_base64="l4nFVItzHxBoSlCkgaZkKImDtQ0="></latexit>

ATA = (U⌃VT)TU⌃VT

= (V⌃TUT)U⌃VT

= V⌃T UTU| {z }
=I

⌃VT

= V⌃T⌃| {z }
=⌃2

VT

= V⌃2VT



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•
<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

<latexit sha1_base64="l4nFVItzHxBoSlCkgaZkKImDtQ0="></latexit>

ATA = (U⌃VT)TU⌃VT

= (V⌃TUT)U⌃VT

= V⌃T UTU| {z }
=I

⌃VT

= V⌃T⌃| {z }
=⌃2

VT

= V⌃2VT

<latexit sha1_base64="l4nFVItzHxBoSlCkgaZkKImDtQ0="></latexit>

ATA = (U⌃VT)TU⌃VT

= (V⌃TUT)U⌃VT

= V⌃T UTU| {z }
=I

⌃VT

= V⌃T⌃| {z }
=⌃2

VT

= V⌃2VT

<latexit sha1_base64="fBpqU7lbcjGewx0n4lsMCgvYCdM=">AAACJXicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilnXg24+EPjl/38ekufvRYxKZVlfRmFtfWNzq7hd2tnd2z8wD4/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHG93O/MyFC0jBoqmlEXI6GAfUpRkpLffO6kjieD2/Tp8QRHDbT7BqnfRveQEfSIUcaHTwIFcysibZKGbXTvlm2qlZWcBXsHMogr0bfnDmDEMecBAozJGXPtiLlJkgoihlJS04sSYTwGA1JT2OAOJFukm2ZwopWBtAPhT6Bgpn6eyJBXMop93QnR2okl725+J/Xi5V/5SY0iGJFArx4yI8ZVCGcRwYHVBCs2FQDwoLqv0I8QgJhpYMt6RDs5ZVXoX1etS+qtcdauX6Xx1EEJ+AUnAEbXII6eAAN0AIYPINX8A5mxovxZnwYn4vWgpHPHIM/ZXz/AL3Io5I=</latexit>

V
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2
<latexit sha1_base64="afNnN+WvbpaClPUHDgowjMOxPfQ="></latexit>

VT

eigenvalues
eigenvectors



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•
<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

<latexit sha1_base64="l4nFVItzHxBoSlCkgaZkKImDtQ0="></latexit>

ATA = (U⌃VT)TU⌃VT

= (V⌃TUT)U⌃VT

= V⌃T UTU| {z }
=I

⌃VT

= V⌃T⌃| {z }
=⌃2

VT

= V⌃2VT

<latexit sha1_base64="l4nFVItzHxBoSlCkgaZkKImDtQ0="></latexit>

ATA = (U⌃VT)TU⌃VT

= (V⌃TUT)U⌃VT

= V⌃T UTU| {z }
=I

⌃VT

= V⌃T⌃| {z }
=⌃2

VT

= V⌃2VT

eigenvalues
eigenvectors

<latexit sha1_base64="fBpqU7lbcjGewx0n4lsMCgvYCdM=">AAACJXicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilnXg24+EPjl/38ekufvRYxKZVlfRmFtfWNzq7hd2tnd2z8wD4/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHG93O/MyFC0jBoqmlEXI6GAfUpRkpLffO6kjieD2/Tp8QRHDbT7BqnfRveQEfSIUcaHTwIFcysibZKGbXTvlm2qlZWcBXsHMogr0bfnDmDEMecBAozJGXPtiLlJkgoihlJS04sSYTwGA1JT2OAOJFukm2ZwopWBtAPhT6Bgpn6eyJBXMop93QnR2okl725+J/Xi5V/5SY0iGJFArx4yI8ZVCGcRwYHVBCs2FQDwoLqv0I8QgJhpYMt6RDs5ZVXoX1etS+qtcdauX6Xx1EEJ+AUnAEbXII6eAAN0AIYPINX8A5mxovxZnwYn4vWgpHPHIM/ZXz/AL3Io5I=</latexit>

V
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2
<latexit sha1_base64="afNnN+WvbpaClPUHDgowjMOxPfQ="></latexit>

VT

<latexit sha1_base64="0fiYX/kK6yUjr8QB9Uib82utzHk=">AAACJnicbVBPT8IwHO3wH+K/qUcvjcTEE9kIUS8kqBePGBmQMCBd6aCh3Za2MyHLPo0Xv4oXDxhjvPlRLDATBV/S9OW990v7e17EqFSW9Wnk1tY3Nrfy24Wd3b39A/PwqCnDWGDi4JCFou0hSRgNiKOoYqQdCYK4x0jLG9/O/NYjEZKGQUNNItLlaBhQn2KktNQ3q4nr+fA6za5e4goOGymswrniLAz3gQ45SnvlTPyJ9c2iVbLmgKvEzkgRZKj3zak7CHHMSaAwQ1J2bCtS3QQJRTEjacGNJYkQHqMh6WgaIE5kN5mvmcIzrQygHwp9AgXn6u+JBHEpJ9zTSY7USC57M/E/rxMr/6qb0CCKFQnw4iE/ZlCFcNYZHFBBsGITTRAWVP8V4hESCCvdbEGXYC+vvEqa5ZJ9UarcV4q1m6yOPDgBp+Ac2OAS1MAdqAMHYPAEXsAUvBnPxqvxbnwsojkjmzkGf2B8fQPdJ6TS</latexit>

AAT = U⌃2UT<latexit sha1_base64="0fiYX/kK6yUjr8QB9Uib82utzHk=">AAACJnicbVBPT8IwHO3wH+K/qUcvjcTEE9kIUS8kqBePGBmQMCBd6aCh3Za2MyHLPo0Xv4oXDxhjvPlRLDATBV/S9OW990v7e17EqFSW9Wnk1tY3Nrfy24Wd3b39A/PwqCnDWGDi4JCFou0hSRgNiKOoYqQdCYK4x0jLG9/O/NYjEZKGQUNNItLlaBhQn2KktNQ3q4nr+fA6za5e4goOGymswrniLAz3gQ45SnvlTPyJ9c2iVbLmgKvEzkgRZKj3zak7CHHMSaAwQ1J2bCtS3QQJRTEjacGNJYkQHqMh6WgaIE5kN5mvmcIzrQygHwp9AgXn6u+JBHEpJ9zTSY7USC57M/E/rxMr/6qb0CCKFQnw4iE/ZlCFcNYZHFBBsGITTRAWVP8V4hESCCvdbEGXYC+vvEqa5ZJ9UarcV4q1m6yOPDgBp+Ac2OAS1MAdqAMHYPAEXsAUvBnPxqvxbnwsojkjmzkGf2B8fQPdJ6TS</latexit>

AAT = U⌃2UT

• Similarly,

<latexit sha1_base64="9/0WUPWMo7JAj8SGbiEGGyR1RHo="></latexit>

UT<latexit sha1_base64="juHtsDRcxWWcHOpGSAvY07bLj1o=">AAACJXicbZBNS8MwGMfT+TbrW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilm3g24+EPjl/38ekufvx4xKZdtfRmFtfWNzq7ht7uzu7R9Yh0ctGSUCkyaOWCQ6PpKE0ZA0FVWMdGJBEPcZafuj+5nfHhMhaRQ21CQmHkeDkAYUI6WlnnVdTl0/gLfZU+oKDhtZfk2yngNvoCvpgCONLu5HCubWWFtmTs2sZ5Xsip0XXAVnASWwqHrPmrr9CCechAozJGXXsWPlpUgoihnJTDeRJEZ4hAakqzFEnEgvzbfMYFkrfRhEQp9QwVz9PZEiLuWE+7qTIzWUy95M/M/rJiq48lIaxokiIZ4/FCQMqgjOIoN9KghWbKIBYUH1XyEeIoGw0sGaOgRneeVVaJ1XnItK9bFaqt0t4iiCE3AKzoADLkENPIA6aAIMnsEreAdT48V4Mz6Mz3lrwVjMHIM/ZXz/ALxDo5E=</latexit>

U
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2

different eigenvectors same eigenvalues



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•
<latexit sha1_base64="v4xUTbEQZp0siU+GvN+pZfc+ow0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUznpBSG6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+yWnuoVeq3eRxFOIFTOAcPrqAO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPeVo9G</latexit>

A
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

<latexit sha1_base64="l4nFVItzHxBoSlCkgaZkKImDtQ0="></latexit>

ATA = (U⌃VT)TU⌃VT

= (V⌃TUT)U⌃VT

= V⌃T UTU| {z }
=I

⌃VT

= V⌃T⌃| {z }
=⌃2

VT

= V⌃2VT

<latexit sha1_base64="l4nFVItzHxBoSlCkgaZkKImDtQ0="></latexit>

ATA = (U⌃VT)TU⌃VT

= (V⌃TUT)U⌃VT

= V⌃T UTU| {z }
=I

⌃VT

= V⌃T⌃| {z }
=⌃2

VT

= V⌃2VT

eigenvalues
eigenvectors

<latexit sha1_base64="fBpqU7lbcjGewx0n4lsMCgvYCdM=">AAACJXicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilnXg24+EPjl/38ekufvRYxKZVlfRmFtfWNzq7hd2tnd2z8wD4/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHG93O/MyFC0jBoqmlEXI6GAfUpRkpLffO6kjieD2/Tp8QRHDbT7BqnfRveQEfSIUcaHTwIFcysibZKGbXTvlm2qlZWcBXsHMogr0bfnDmDEMecBAozJGXPtiLlJkgoihlJS04sSYTwGA1JT2OAOJFukm2ZwopWBtAPhT6Bgpn6eyJBXMop93QnR2okl725+J/Xi5V/5SY0iGJFArx4yI8ZVCGcRwYHVBCs2FQDwoLqv0I8QgJhpYMt6RDs5ZVXoX1etS+qtcdauX6Xx1EEJ+AUnAEbXII6eAAN0AIYPINX8A5mxovxZnwYn4vWgpHPHIM/ZXz/AL3Io5I=</latexit>

V
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2
<latexit sha1_base64="afNnN+WvbpaClPUHDgowjMOxPfQ="></latexit>

VT

<latexit sha1_base64="0fiYX/kK6yUjr8QB9Uib82utzHk=">AAACJnicbVBPT8IwHO3wH+K/qUcvjcTEE9kIUS8kqBePGBmQMCBd6aCh3Za2MyHLPo0Xv4oXDxhjvPlRLDATBV/S9OW990v7e17EqFSW9Wnk1tY3Nrfy24Wd3b39A/PwqCnDWGDi4JCFou0hSRgNiKOoYqQdCYK4x0jLG9/O/NYjEZKGQUNNItLlaBhQn2KktNQ3q4nr+fA6za5e4goOGymswrniLAz3gQ45SnvlTPyJ9c2iVbLmgKvEzkgRZKj3zak7CHHMSaAwQ1J2bCtS3QQJRTEjacGNJYkQHqMh6WgaIE5kN5mvmcIzrQygHwp9AgXn6u+JBHEpJ9zTSY7USC57M/E/rxMr/6qb0CCKFQnw4iE/ZlCFcNYZHFBBsGITTRAWVP8V4hESCCvdbEGXYC+vvEqa5ZJ9UarcV4q1m6yOPDgBp+Ac2OAS1MAdqAMHYPAEXsAUvBnPxqvxbnwsojkjmzkGf2B8fQPdJ6TS</latexit>

AAT = U⌃2UT<latexit sha1_base64="0fiYX/kK6yUjr8QB9Uib82utzHk=">AAACJnicbVBPT8IwHO3wH+K/qUcvjcTEE9kIUS8kqBePGBmQMCBd6aCh3Za2MyHLPo0Xv4oXDxhjvPlRLDATBV/S9OW990v7e17EqFSW9Wnk1tY3Nrfy24Wd3b39A/PwqCnDWGDi4JCFou0hSRgNiKOoYqQdCYK4x0jLG9/O/NYjEZKGQUNNItLlaBhQn2KktNQ3q4nr+fA6za5e4goOGymswrniLAz3gQ45SnvlTPyJ9c2iVbLmgKvEzkgRZKj3zak7CHHMSaAwQ1J2bCtS3QQJRTEjacGNJYkQHqMh6WgaIE5kN5mvmcIzrQygHwp9AgXn6u+JBHEpJ9zTSY7USC57M/E/rxMr/6qb0CCKFQnw4iE/ZlCFcNYZHFBBsGITTRAWVP8V4hESCCvdbEGXYC+vvEqa5ZJ9UarcV4q1m6yOPDgBp+Ac2OAS1MAdqAMHYPAEXsAUvBnPxqvxbnwsojkjmzkGf2B8fQPdJ6TS</latexit>

AAT = U⌃2UT

• Similarly,

<latexit sha1_base64="9/0WUPWMo7JAj8SGbiEGGyR1RHo="></latexit>

UT<latexit sha1_base64="juHtsDRcxWWcHOpGSAvY07bLj1o=">AAACJXicbZBNS8MwGMfT+TbrW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilm3g24+EPjl/38ekufvx4xKZdtfRmFtfWNzq7ht7uzu7R9Yh0ctGSUCkyaOWCQ6PpKE0ZA0FVWMdGJBEPcZafuj+5nfHhMhaRQ21CQmHkeDkAYUI6WlnnVdTl0/gLfZU+oKDhtZfk2yngNvoCvpgCONLu5HCubWWFtmTs2sZ5Xsip0XXAVnASWwqHrPmrr9CCechAozJGXXsWPlpUgoihnJTDeRJEZ4hAakqzFEnEgvzbfMYFkrfRhEQp9QwVz9PZEiLuWE+7qTIzWUy95M/M/rJiq48lIaxokiIZ4/FCQMqgjOIoN9KghWbKIBYUH1XyEeIoGw0sGaOgRneeVVaJ1XnItK9bFaqt0t4iiCE3AKzoADLkENPIA6aAIMnsEreAdT48V4Mz6Mz3lrwVjMHIM/ZXz/ALxDo5E=</latexit>

U
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2

different eigenvectors same eigenvalues

singular values
left singular vectors right singular vectors



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

singular values
left singular vectors right singular vectors

(PC1)
<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM
<latexit sha1_base64="YxBTgq7lu0O9NF1qdnFi9+IImgk="></latexit>

max
w2Rn:||w||=1

||Mw||2
PCA. Recall that:

eigenvalues
eigenvectors

<latexit sha1_base64="fBpqU7lbcjGewx0n4lsMCgvYCdM=">AAACJXicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilnXg24+EPjl/38ekufvRYxKZVlfRmFtfWNzq7hd2tnd2z8wD4/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHG93O/MyFC0jBoqmlEXI6GAfUpRkpLffO6kjieD2/Tp8QRHDbT7BqnfRveQEfSIUcaHTwIFcysibZKGbXTvlm2qlZWcBXsHMogr0bfnDmDEMecBAozJGXPtiLlJkgoihlJS04sSYTwGA1JT2OAOJFukm2ZwopWBtAPhT6Bgpn6eyJBXMop93QnR2okl725+J/Xi5V/5SY0iGJFArx4yI8ZVCGcRwYHVBCs2FQDwoLqv0I8QgJhpYMt6RDs5ZVXoX1etS+qtcdauX6Xx1EEJ+AUnAEbXII6eAAN0AIYPINX8A5mxovxZnwYn4vWgpHPHIM/ZXz/AL3Io5I=</latexit>

V
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2
<latexit sha1_base64="afNnN+WvbpaClPUHDgowjMOxPfQ="></latexit>

VT

<latexit sha1_base64="6PXHnwPnq5uweK5lXaojmBP/7Ec="></latexit>

M

<latexit sha1_base64="krlq88XiSrOp4EfnPfdI82l713I="></latexit>

MTM =



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

(PC1)
<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM
<latexit sha1_base64="YxBTgq7lu0O9NF1qdnFi9+IImgk="></latexit>

max
w2Rn:||w||=1

||Mw||2
PCA. Recall that:

<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

singular values
left singular vectors right singular vectors

eigenvalues
eigenvectors

<latexit sha1_base64="fBpqU7lbcjGewx0n4lsMCgvYCdM=">AAACJXicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilnXg24+EPjl/38ekufvRYxKZVlfRmFtfWNzq7hd2tnd2z8wD4/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHG93O/MyFC0jBoqmlEXI6GAfUpRkpLffO6kjieD2/Tp8QRHDbT7BqnfRveQEfSIUcaHTwIFcysibZKGbXTvlm2qlZWcBXsHMogr0bfnDmDEMecBAozJGXPtiLlJkgoihlJS04sSYTwGA1JT2OAOJFukm2ZwopWBtAPhT6Bgpn6eyJBXMop93QnR2okl725+J/Xi5V/5SY0iGJFArx4yI8ZVCGcRwYHVBCs2FQDwoLqv0I8QgJhpYMt6RDs5ZVXoX1etS+qtcdauX6Xx1EEJ+AUnAEbXII6eAAN0AIYPINX8A5mxovxZnwYn4vWgpHPHIM/ZXz/AL3Io5I=</latexit>

V
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2
<latexit sha1_base64="afNnN+WvbpaClPUHDgowjMOxPfQ="></latexit>

VT

<latexit sha1_base64="6PXHnwPnq5uweK5lXaojmBP/7Ec="></latexit>

M

<latexit sha1_base64="krlq88XiSrOp4EfnPfdI82l713I="></latexit>

MTM =

<latexit sha1_base64="BvQI8B+7wXi5CaxSP0sQvcmFrPk="></latexit>

= first (right) singular vector of M



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

(PC1)
<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM
<latexit sha1_base64="YxBTgq7lu0O9NF1qdnFi9+IImgk="></latexit>

max
w2Rn:||w||=1

||Mw||2
PCA. Recall that:

<latexit sha1_base64="4RqKP/3DQurVQ9HSWfMA+bODGOY="></latexit>

Mw⇤ = z⇤
p
�max gives the coordinates of the projected points

<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

singular values
left singular vectors right singular vectors

eigenvalues
eigenvectors

<latexit sha1_base64="fBpqU7lbcjGewx0n4lsMCgvYCdM=">AAACJXicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilnXg24+EPjl/38ekufvRYxKZVlfRmFtfWNzq7hd2tnd2z8wD4/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHG93O/MyFC0jBoqmlEXI6GAfUpRkpLffO6kjieD2/Tp8QRHDbT7BqnfRveQEfSIUcaHTwIFcysibZKGbXTvlm2qlZWcBXsHMogr0bfnDmDEMecBAozJGXPtiLlJkgoihlJS04sSYTwGA1JT2OAOJFukm2ZwopWBtAPhT6Bgpn6eyJBXMop93QnR2okl725+J/Xi5V/5SY0iGJFArx4yI8ZVCGcRwYHVBCs2FQDwoLqv0I8QgJhpYMt6RDs5ZVXoX1etS+qtcdauX6Xx1EEJ+AUnAEbXII6eAAN0AIYPINX8A5mxovxZnwYn4vWgpHPHIM/ZXz/AL3Io5I=</latexit>

V
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2
<latexit sha1_base64="afNnN+WvbpaClPUHDgowjMOxPfQ="></latexit>

VT

<latexit sha1_base64="6PXHnwPnq5uweK5lXaojmBP/7Ec="></latexit>

M

<latexit sha1_base64="krlq88XiSrOp4EfnPfdI82l713I="></latexit>

MTM =

<latexit sha1_base64="BvQI8B+7wXi5CaxSP0sQvcmFrPk="></latexit>

= first (right) singular vector of M



Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

(PC1)
<latexit sha1_base64="EgdwreLYbhALlzOaU/4jymz7jIo="></latexit>

= max
w:||w||=1

wTMTMw, w⇤ = principal eigenvector of MTM
<latexit sha1_base64="YxBTgq7lu0O9NF1qdnFi9+IImgk="></latexit>

max
w2Rn:||w||=1

||Mw||2
PCA. Recall that:

<latexit sha1_base64="4RqKP/3DQurVQ9HSWfMA+bODGOY="></latexit>

Mw⇤ = z⇤
p
�max gives the coordinates of the projected points

<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

singular values
left singular vectors right singular vectors

eigenvalues
eigenvectors

<latexit sha1_base64="fBpqU7lbcjGewx0n4lsMCgvYCdM=">AAACJXicbZBNS8MwGMfT+TbnW9Wjl+AYeBqtDPWgMPXiccLeYK0jzdItLGlLkg5G6Zfx4lfx4sEhgie/ilnXg24+EPjl/38ekufvRYxKZVlfRmFtfWNzq7hd2tnd2z8wD4/aMowFJi0cslB0PSQJowFpKaoY6UaCIO4x0vHG93O/MyFC0jBoqmlEXI6GAfUpRkpLffO6kjieD2/Tp8QRHDbT7BqnfRveQEfSIUcaHTwIFcysibZKGbXTvlm2qlZWcBXsHMogr0bfnDmDEMecBAozJGXPtiLlJkgoihlJS04sSYTwGA1JT2OAOJFukm2ZwopWBtAPhT6Bgpn6eyJBXMop93QnR2okl725+J/Xi5V/5SY0iGJFArx4yI8ZVCGcRwYHVBCs2FQDwoLqv0I8QgJhpYMt6RDs5ZVXoX1etS+qtcdauX6Xx1EEJ+AUnAEbXII6eAAN0AIYPINX8A5mxovxZnwYn4vWgpHPHIM/ZXz/AL3Io5I=</latexit>

V
<latexit sha1_base64="LG4iBYEtscxVuM8c6EvaUnGtaGA="></latexit>

⌃2
<latexit sha1_base64="afNnN+WvbpaClPUHDgowjMOxPfQ="></latexit>

VT

<latexit sha1_base64="6PXHnwPnq5uweK5lXaojmBP/7Ec="></latexit>

M

<latexit sha1_base64="krlq88XiSrOp4EfnPfdI82l713I="></latexit>

MTM =

<latexit sha1_base64="4RqKP/3DQurVQ9HSWfMA+bODGOY="></latexit>

Mw⇤ = z⇤
p
�max gives the coordinates of the projected points

<latexit sha1_base64="ApSvaVM0FfvSi1v/8Q8SYpDnPs8="></latexit>

Mv1 = u1 · �1

<latexit sha1_base64="BvQI8B+7wXi5CaxSP0sQvcmFrPk="></latexit>

= first (right) singular vector of M



<latexit sha1_base64="6PXHnwPnq5uweK5lXaojmBP/7Ec="></latexit>

M
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

2-dimensional PCA



<latexit sha1_base64="6PXHnwPnq5uweK5lXaojmBP/7Ec="></latexit>

M
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT

Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•  

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

2-dimensional PCA



<latexit sha1_base64="yKseTXu6b9oOCzhXEi8IdZetYxg="></latexit>⇡

<latexit sha1_base64="6PXHnwPnq5uweK5lXaojmBP/7Ec="></latexit>

M
<latexit sha1_base64="34G1qyXur521bUvVzrPPqO0qEzI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiu1814YEX/ar9bcujsHWSVeQWpQoNmvfvUGCctilIYJqnXXc1MT5FQZzgROK71MY0rZmA6xa6mkMeogn587JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEN0HOZZoZlGyxKMoEMQmZ/U4GXCEzYmIJZYrbWwkbUUWZsQlVbAje8surpHVR967qlw+XtcZtEUcZTuAUzsGDa2jAPTTBBwZjeIZXeHNS58V5dz4WrSWnmDmGP3A+fwD8uo9a</latexit>

U
<latexit sha1_base64="zaeRJQeVtXWVgiyAOwP9o2gQQow="></latexit>

Ũ
<latexit sha1_base64="k8STzHHuYDECHlqmoSEbeQ9xJE0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qc0oWy2m3bp7ibsboQS+je8eFDEq3/Gm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uZ373SeqNIvlo5kmNBB4JFnECDZW8jM/jJD/wEYCzwbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmTRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8AwduRhA==</latexit>

⌃
<latexit sha1_base64="zaeRJQeVtXWVgiyAOwP9o2gQQow="></latexit>

Ũ
<latexit sha1_base64="xBirisUPl39oClDLanDD+hlbAPg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxW6Bc0sWy2m3bpbhJ2N0IN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8W6W19Y3NrfJ2ZWd3b79qHxx2VJxKQtsk5rHsBVhRziLa1kxz2kskxSLgtBtMbmd+95FKxeKopacJ9QUeRSxkBGsjDexq5gUh6uQPmScFauUDu+bUnTnQKnELUoMCzYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+eE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/YxFSappRBaLwpQjHaNZCmjIJCWaTw3BRDJzKyJjLDHRJquKCcFdfnmVdM7r7mX94v6i1rgp4ijDMZzAGbhwBQ24gya0gUAKz/AKb9aT9WK9Wx+L1pJVzBzBH1ifP1EckuE=</latexit>

VT
<latexit sha1_base64="zaeRJQeVtXWVgiyAOwP9o2gQQow="></latexit>

Ũ

Singular Value Decomposition
• Any mxn matrix A can be written as a product of three matrices (decomposition) U, Σ, and VT with the 

following properties:


•  


•  

<latexit sha1_base64="TmkpMxBsssmn+KCxubYXUo0Nk8s="></latexit>

U 2 Rm⇥n,V 2 Rn⇥n are orthonormal, (i.e., UTU = I and VTV = I)

<latexit sha1_base64="pln1Df7wrN0rcyZIrIJ27rmEAP0="></latexit>

⌃ is diagonal.

2-dimensional PCA



Image reconstruction with d-dimensional SVD

d = 1

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 2

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 3

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 4

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 5

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 6

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 7

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 7

Image reconstruction with d-dimensional SVD

The image appears to show a large Rubik's Cube-like structure in an outdoor setting, surrounded by blurred 
figures of people, likely indicating a public or event space. The cube has vividly colored squares on each side, 
similar to a traditional Rubik's Cube, with colors like orange, yellow, red, green, blue, and white visible. The 
image is heavily distorted with a pixelated or glitch-like effect, making the details somewhat unclear. The 
background seems to depict an outdoor environment, possibly with trees or structures in the distance.

GPT-4o: describe what you see in this image

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 8

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 9

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 10

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 12

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 14

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 14

Image reconstruction with d-dimensional SVD

The image appears to show a person dressed as a giant Rubik's Cube, with colorful squares covering the cube-
shaped costume. The background seems to be outdoors, with other people and possibly a fence or wall visible 
in a slightly blurred and distorted manner. The overall quality of the image includes digital noise or artifacts, 
which may distort the fine details.

GPT-4o: describe what you see in this image

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 16

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 18

Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/
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Image reconstruction with d-dimensional SVD

https://timbaumann.info/svd-image-compression-demo/

https://timbaumann.info/svd-image-compression-demo/


d = 50

Image reconstruction with d-dimensional SVD
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Image reconstruction with d-dimensional SVD
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(original size)

Image reconstruction with d-dimensional SVD
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Image reconstruction with d-dimensional SVD

The image shows a person dressed in a creative and colorful costume resembling a Rubik's Cube. The 
costume is made to look like a large, three-dimensional Rubik's Cube, with panels in various colors such as red, 
yellow, green, orange, blue, and white. The person's arms and face are visible, and the top of the cube has a 
section open, with part of the costume extending upwards, possibly representing a corner of the cube. The 
individual appears to be in a public space, surrounded by other people, some of whom are standing, and one 
person in a wheelchair. The background features trees and a long white tent-like structure, suggesting this 
might be an outdoor event or festival. The image is signed with "Eleonora Jans 2008" in the bottom right corner.

GPT-4o: describe what you see in this image
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Introduction to Applied Linear Algebra – Vectors, Matrices, and Least Squares 
Stephen Boyd and Lieven Vandenberghe

Resources

https://web.stanford.edu/~boyd/vmls/vmls.pdf

https://math.mit.edu/~gs/linearalgebra/ila6/indexila6.html

Introduction to Linear Algebra 
Gilbert Strang

https://www.statlearning.com/

Introduction to Statistical Learning 
James, Witten, Hastie, Tibshirani, Taylor

Essence of Linear Algebra

https://www.stanford.edu/~boyd/
https://www.ee.ucla.edu/~vandenbe/
https://web.stanford.edu/~boyd/vmls/vmls.pdf
https://math.mit.edu/~gs/linearalgebra/ila6/indexila6.html
https://www.statlearning.com/
https://www.youtube.com/watch?v=fNk_zzaMoSs&list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab

